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SURFACE FIBRATIONS WITH LARGE EQUIVARIANT
AUTOMORPHISM GROUP
YI GU
Abstract. For a relatively minimal surface fibration f : X → C of fibre
genus g ≥ 1 with smooth generic fibre over an arbitrary algebraically closed
field k, the equivariant automorphism group of f is, roughly speaking, the
group of automorphisms of X preserving the fibration structure. We present
a classification of such fibrations whose equivariant automorphism group is
infinite.
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1. Introduction
Let k be an algebraically closed field and f : X → C be a relatively minimal sur-
face fibration. The equivariant automorphism group of X/C, denoted by E(X/C)
in this paper, is defined as
E(X/C) := { (τ, σ) | τ ∈ Autk(X), σ ∈ Autk(C), f ◦ τ = σ ◦ f }
with natural composition law.
X ∼
τ //
f

X
f

C ∼
σ // C
By definition, we have a natural exact sequence of groups:
(1.1) 1→ AutC(X)→ E(X/C) f♯→ Autk(C), f♯ : (τ, σ) 7→ σ,
and let us denote by
(1.2) B(X/C) := Im(f♯ : E(X/C)→ Autk(C)) ⊆ Autk(C).
The group E(X/C), naturally identified with a subgroup of Autk(X) by the
first projection homomorphism E(X/C) → Autk(X), (τ, σ) 7→ τ, along with its
subgroup AutC(X) and quotient group B(X/C) measures the symmetricity of this
fibration and is thus an important invariant of f . Moreover, when this fibration
f : X → C occurs naturally from the geometry of X , e.g., when f is the Albanese
fibration, the (pluri-)canonical fibration or some others, the equivariant automor-
phism group E(X/C) is identified with Autk(X) making it an important invariant
of X too. In history, this group E(X/C) has been studied by several people in
different ways over the field of complex numbers. For example, Hu, Keum and
Zhang provide dynamic criteria so that a subgroup G ⊆ Autk(X) can be embed to
E(X/C) for a suitable fibration f : X → C in [18]. When the fibration f : X → C
comes naturally, the structures of E(X/C) and its subgroup acting trivially on
cohomology are studied by Cai in several papers [7, 8, 9, 10]. More recently, in
papers of Prokhorov and Shramov [21, 22] and Shramov [24], when studying the
Jordan property of the automorphism group of algebraic surfaces, the authors are
concerned with the finiteness of the group B(X/C) for several different kinds of
fibrations f : X → C.
The aim of this paper is to give a classification of those relatively minimal sur-
face fibration f : X → C of positive fibre genus whose equivariant automorphism
group E(X/C) is infinite, in all characteristics. To be more precisely, as is well
known, in positive characteristic there are fibrations with singular general fibres,
e.g., the quasi-elliptic fibrations. Fibrations with singular general fibres are wild
and need a different treatment beyond this paper. By excluding these fibrations, we
actually classify fibrations with smooth general fibres whose equivariant automor-
phism group is infinite. For this purpose, let us identify “surface fibration” with
“surface fibration having smooth general fibre” from now on for simplicity.
As can be expected, surface fibrations with infinite equivariant automorphism
group are isotrivial. To deal with isotrivial surface fibrations, we mention the
following definition.
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Definition 1.1 (cf. [23, § 1]). (1). An isotrivial surface fibration f : X → C with
smooth general fibre F is called standard if there is a finite group scheme G acting
faithfully both on F and another smooth projective curve C′ so that we have the
following left commutative diagram, in which G acts on F ×k C′ diagonally.
X
birational //❴❴❴❴❴❴
f

(F × C′)/G
p2

X
f

XV?
_oo
fV

≃ // (F ×k V ′)/G
p2

C
≃ // C′/G C V? _oo
≃ // V ′/G.
(2). An isotrivial surface fibration f : X → C with smooth general fibre F is
called pre-standard if there is a finite group scheme G acting faithfully both on F
and another smooth affine curve V ′ so that we have the right commutative diagram
above (in which G acts on F ×k V ′ diagonally as before) for a suitable open subset
V ⊆ C.
In above settings, we call the pair (F,C′, G) (resp. (F, V, V ′, G)) as a (resp.
pre-)standard realisation of f : X → C.
A standard fibration is automatically pre-standard by a suitabe choice the open
subset V ⊆ C and the converse is also true in characteristic zero, or more generally
when G is e´tale.
An important result in characteristic zero, given in [23], is that an isotrivial
fibration is always standard (with a key step given in [3, § VI] for the genus one
case). This structure result helps substantially in some classification problem (e.g.,
the classification of the so-called hyperellipitc surface, [2, pp 148]) and in calculations
of invariants of f : X → C, such as Autk(X),K2X , χ(OX), · · · (see, e.g., [4, 20]).
In positive characteristic, when the fibre genus of an isotrivial fibration f : X →
C is at least two, the automorphism group of the smooth closed fibre F is rigid and
thus such a fibration remains standard. But when it comes to isotrivial fibration of
genus one, it turns out to be different.
Proposition 1.2 (Proposition 7.7). A relatively minimal isotrivial genus one sur-
face fibration is pre-standard but not necessarily standard.
Example of non-standard genus one fibration is given in Example 5.7. This
proposition generalizes the corresponding result [3, Lem. VI.10(2)] and [23] for genus
one case to positive characteristic. It should be noted that the geometry (e.g., their
automorphism group and numerical invariants such as the Kodaira dimension of
X) of a general pre-standard genus one fibration is difficult to handle. With some
characteristic-p pathologies behind (cf. Example 5.7 for the Kodaira dimension),
the classical methods working with standard fibrations in characteristic zero (cf.
[20]) does not seem to apply in general. So the main difficulty of our problem to
classify relative minimal surface fibration with infinite equivariant automorphism
group lies in the genus one case. In this case, without a structure theorem strong
enough at hand, we first have to build one by ourselves based on the infiniteness
assumption of the equivariant automorphism group rather than the isotriviality
alone and then can we run the classification procedure after the structure theorem
built.
From (1.1), the equivariant automorphism group E(X/C) is infinite if and only
if either AutC(X) or B(X/C) is infinite. A first result of the paper is an infinite
criterion for the group AutC(X).
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Theorem 1.3 (Theorem. 5.1). Let f : X → C be a relatively minimal surface
fibration of genus g ≥ 1 over k. Then AutC(X) is infinite if and only if g = 1 and
the Jacobian fibration (cf. Definition 4.2) of f : X → C is trivial.
After this theorem, we discuss the classification of relatively minimal genus one
fibrations with trivial Jacobian in § 5. If the fibration is at the same time of
standard type, we present a complete classification in Theorem 5.4. In positive
characteristics, we present examples of genus one fibrations with trivial Jacobian in
§ 5.4 that fail to be standard type. In general, pre-standard fibrations of genus one
is too complicated there should be no reasonable ‘complete classification’ to them.
Instead, we provide a coarse characterization of such fibration in § 5.4.
Next we turn to the most important part of the paper: we study and classify
completely the relatively minimal surface fibration f : X → C of positive fibre
genus g admitting an infinite B(X/C). We deal with the case g ≥ 2 and g = 1 in
§ 6 and § 7 respectively. The main result is the following structure result:
Theorem 1.4 (Theorem 6.4 & 7.1). Let f : X → C be a relatively minimal surface
fibration of genus g ≥ 1 with infinite B(X/C). Taking U ⊆ C to be the smooth locus
of f , then there are following data:
(a). a smooth curve F of genus g;
(b). a finite subgroup scheme G′ ⊆ Autk(F ) over k, a G′-torsor ν′ : T ′ → U such
that
(i) T ′ is irreducible and smooth over k;
(ii) the torsor T ′ over U admits an infinite equivariant torsor-automorphism
group Etor(T ′/U) (cf. Definition 2.11);
(iii) the G′-action on T ′ extends to its normal compactification T ′ ⊆ C′.
With these data the fibration fU and f is given as follows:
XU
fU

(F ×k T ′)/G′
p2

U T ′/G′
X
minimal resolution //❴❴❴❴❴❴❴❴❴❴❴❴
f

(F ×k C′)/G′
p2

C C′/G′
Here, with the G′-actions on F, T ′, C′ mentioned above, the group scheme G′ acts
on F ×k T ′ and F ×k C′ both diagonally.
As a result, such fibrations are standard and they admits a very restrictive stan-
dard realization (F,C′, G) as above, which allows us to give a complete classification
of them. The pair (G′, ν : T ′ → U) as above is classified in Proposition 3.14 and
as a result, we manage to present a complete classification of relatively minimal
surface fibration f : X → C of genus g ≥ 1 with infinite B(X/C) in Theorem 6.4
(g ≥ 2) in § 6 and Theorem 7.16 (g = 1) in § 7.3. The two classification theorems
are rather long, we shall not include it here.
A remarkable consequence of Theorem 1.4 is that for such fibration f : X → C,
the Kodaira dimension of X is restrictive.
Corollary 1.5 (Corollary 7.2). Under the settings of Theorem 1.4 and assume
g = 1, then we have κ(X) = 0 if g(C) = 1 and κ(X) = −∞ if g(C) = 0. In
particular, κ(X) ≤ 0.
Recall when S is a minimal surface of Kodaira dimension one, its Iitaka fibration
f : S → C is either a relatively minimal genus one (with smooth general fibres)
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or quasi-elliptic (with singular general fibres) fibration. This fibration is Autk(S)-
equivariant so that E(S/C) = Autk(S). Corollary 1.5 then says that the image of
the homomorphsim
f♯ : Autk(S) = E(S/C)→ Autk(C)
is finite if f is a genus one fibration. In other words, this corollary partially gen-
eralizes (possible exception for quasi-elliptic case) the result [22, Proposition 1.2],
which is considered as ‘one of the main steps in the proof of Theorem 1.1 (the main
theorem of [22])’ to positive characteristic. And it then gives the Jordan property
of Autk(S).
Corollary 1.6 (Corollary 7.18). Let S be a relatively minimal surface of Kodaira
dimension one, suppose its Iitaka fibration f : S → C has smooth general fibre,
then Autk(S) has Jordan property. Namely there is a uniform bound N(S) ∈ N+
such that any finite subgroup of Aut(S) contains an Abelian subgroup of index at
most N(S).
We will give an explanation in § 7.4 showing that the original argument in the
proof of [22, Proposition 1.2] based on Kodaira’s canonical bundle formula does not
seem to work in positive characteristic.
Finally we give a sketch of the idea of Proposition 1.2 and Theorem 1.4.
(i) When a fibration f : X → C is isotrivial, we show in § 6 and § 7.2.1 the
fibration f , a priori, admits some (non-canonical in genus one case) product-
quotient realization similar to a pre-standard realization: a finite group scheme
G acting faithfully on the the smooth fibre F and another possibly reducible
and non-reduced curve T so that with this G-action, T is a G-torsor over the
smooth locus U ⊆ C of f and we have the following commutative diagram:
X
f

XU?
_oo ≃ //
fU

(T ×k F )/G
p2

C U? _oo
≃ // T/G
Although the genus at least two case of this step is quite easy, the genus one
case is non-trivial.
(ii) In general, by shrinking U to a smaller open subset V the torsor T |V reduces
to a smaller torsor T ′ under a smaller subgroup scheme G′ ⊆ G so that T ′ is
smooth and irreducible. By this fact, we prove Proposition 1.2.
(iii) Returning to the infinite B(X/C) case, the infiniteness assumption guaran-
tees that the equivariant torsor-automorphism group Etor(T/U) (cf. Defini-
tion 2.11) is also infinite. This step (cf. § 7.2.2) is non-trivial for genus one
case.
(iv) In § 3, we prove a key technical theorem of this paper (Theorem 3.3), which
says whenever a torsor T over U admits an infinite equivariant automorphism
group Etor(T/U), we can reduce T to a smaller torsor T ′ under a smaller group
G′ ⊆ G so that the conditions (i)-(iii) in Theorem 1.4 are satisfied. Then we
complete the prove of Theorem 1.4.
Conventions
a) k is an algebraically closed field;
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b) a surface fibration f : X → C over k is a proper flat morphism from a smooth
projective surface X onto a curve C with smooth connected geometric generic
fibre. It is called relatively minimal if there is no vertical (−1)-curves;
c) for either an Abelian group or Abelian group scheme G, we denote by
G[n] := Ker(G
·n→ G);
d) when char.(k) = p > 0, we denote by FY/k : Y → Y (p) := Y ×k,Fk k the relative
Frobenius map of any scheme Y over k;
e) denote by (A1
k
)∗ := A1
k
\{0};
f) for a curve F , Autk(F ) is the automorphism group of F while Autk(F ) is the
group scheme representing the automorphism functor of F (cf. § 2.3);
g) symbol with underline means the associated functor, i.e., X is the representable
functor of X .
2. Preliminaries
2.1. Torsors and quotient of Schemes.
2.1.1. Torosrs. We first recall the notion of (fppf-)torsors.
Definition 2.1 (Torsors, [5, § 6.4]). Let Y be a variety over k, G be a flat group
scheme of finite type over Y and T be a flat Y -scheme of finite type with a (left-
)G-action µ : G×Y T → T . Then T is called a (fppf-)torosr under G over Y if the
map
G×Y T (µ,p2)−→ T ×Y T, (g, t) 7→ (g · t, t)
is an isomorphism.
By abuse of language, when G is a group scheme over k, we also call a G×k Y -
torsor over Y as a G-torsor over Y for simplicity.
Remark 2.2 If G is an e´tale group scheme over k, then G is the same as an
abstract group because k is algebraically closed. In this case, a G-torsor over Y is
nothing but an e´tale Galois cover ν : T → Y with Galois group G.
Then we recall the notion of extension and reduction of the structure group of a
torsor.
Definition 2.3 (Extension and Reduction of the structure group). Let G′ ⊆ G be
a finite flat subgroup scheme over Y . Then given any G′-torsor T ′, there defines a
natural free G′-action on G×Y T ′ functorially described as follows:
g′ · (g, t′) = (gg′−1, g′(t′)), ∀ X ∈ Sch/Y, g ∈ G(X), g ∈ G′(X), t′ ∈ T ′(X).
Then the G-action on G×Y T ′ given by
g · (h, t′) = (gh, t′), ∀ X ∈ Sch/Y, g, h ∈ G(X), t′ ∈ T ′(X)
is commutative to the previous diagonal G′-action. Thus there defines a natural G-
action on the quotient scheme T := (G×Y T ′)/G′ (cf. Theorem 2.5 below) making
T a G-torsor (in fact, T represents the functor G×G′ T ′). The G-torsor T is called
the extension of structure group by G′ → G of T ′ and conversely, T ′ is called the
reduction of structure group by G′ → G of T . For simplicity, we simply call that T
reduces to T ′ and T ′ extends to T .
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Example 2.4. Let Y be a smooth variety over k and ν : T → Y be an e´tale Galois
cover with Galois group G and T ′ ⊆ T be an irreducible component. Then T is
a G-torsor over Y , and since ν|T ′ : T ′ → Y is again an e´tale Galois cover with
Galois group G′ = {g ∈ G|g(T ′) = T ′}, T ′ is a G′-torsor over Y . By construction,
it is easy to figure out that T reduces to T ′ or equivalently T ′ extends to T by the
group extension G′ ⊆ G.
2.1.2. Quotient a scheme by a finite group scheme. Let Y be a quasi-projective
k-variety and G be a finite flat group scheme over Y acting on a quasi-projective
Y -scheme X . Then there defines a functor
X/G : Sch/Y → Set, T 7→ X(T )/G(T ), ∀ T ∈ Sch/Y.
Theorem 2.5 ([15, § V.10, Thm. 10.3.1]). (1). The category quotient X/G is
represented by a scheme Q, denoted by X/G.
(2). When the G-action on X is free, Q is the (fppf-)sheafification of X/G, the
quotient map π : X → Q is a (fppf-)torsor under G and the formation of quotient
schemes commutes with any base change over Q.
As a consequence, we have the following corollary.
Corollary 2.6. (1). Suppose G is a finite group scheme over k acting freely on a
smooth quasi-projective k-variety X, then the quotient variety X/G is also smooth
over k.
(2). Suppose G is a finite group scheme over k acting on two smooth quasi-
projective k-varieties X,Y and hence acts diagonally on X ×k Y . Then if the
G-action on Y is free, we have the following commutative is Cartesian:
X ×k Y //
p2

(X ×k Y )/G
p2

Y // Y/G
In particular, the morphism (X×k Y )/G→ Y/G is smooth and all the closed fibres
of this morphism are isomorphic to X.
2.1.3. Quotient a scheme by a foliation. Next, we recall the quotient of a scheme
by a foliation.
Definition 2.7 ([13, § I]). Let Y be a smooth variety over k of positve character-
istic. A foliation F ⊆ TY/k on Y is a saturated sub-p-Lie algebra. A foliation F is
smooth if it is at the same time a subbundle of TY/k, i.e., TY/k/F is locally free.
For a foliation F , the quotient scheme X := Y/F is constructed as a ringed
spaced (X,OX) as below:
• the underlying space X = Y ;
• OX ⊆ OY is the subalgebra consists of functions killed by any local deriva-
tives in F .
Theorem 2.8 ([12, § 3]). If F is a smooth foliation on Y , then X = Y/F is also
smooth over k. For the quotient map π : Y → X, we have:
(2.1) π∗KX = KY − (p− 1)c1(F).
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2.1.4. Examples of group actions. We will frequently use the following group scheme
action on P1
k
or its open subscheme A1
k
and (A1
k
)∗ throughout this paper.
Example 2.9. (1)[The additive action]. The group scheme Ga can acts on P
1
k
naturally via the embedding
Ga →֒ Autk(P1k) = PGL2,k, λ 7→
{
1 λ
0 1
}
In other words, let t be the affine coordinate of A1
k
⊆ P1
k
, then the group action is
given by (λ, t) 7→ t + λ. In particular, subgroup schemes of Ga such as k = Ga(k)
and αpn = Ker(F
n
Ga
: Ga → Ga) can acts on P1k naturally. We shall call these
actions as the natural additive actions on P1
k
in the following of this paper.
(2)[The multiplicative action]. The group Gm can acts on P
1
k
naturally via the
embedding
Gm →֒ Autk(P1k) = PGL2,k, µ 7→
{
µ 0
0 1
}
In other words, let t be the affine coordinate of A1
k
⊆ P1
k
, then the group action is
given by (µ, t) 7→ µ · t. In particular, subgroup schemes of Gm such as k∗ = Gm(k)
and µn = Ker(Gm
×n→ Gm) can acts on P1k naturally. We shall call these actions as
the natural multiplicative actions on P1
k
in the following of this paper.
Finally, we recall a characterization of αp or µp action on varieties.
Proposition 2.10 (see [26, § 3]). Let Y be a smooth variety over k, then an αp
(resp. µp) action on Y is the same as a regular derivative δ ∈ H0(Y, TY/k) so that
δp = 0 (resp. δp = δ).
Under this correspondence, the αp (resp. µp)-action on Y is free if and only if the
associated derivative δ is nowhere vanishing. When this is the case, the derivative δ
gives to a smooth foliation F(δ) := OY · δ ⊆ TY/k called as the foliation associated
to δ. Then the quotient by foliation Y/F(δ) is the same as the quotient by the
group scheme action Y/αp (resp. Y/µp).
2.2. Equivariant automorphisms. We introduce the notation of equivaraint au-
tomorphism group of a morphism which is compatible with the one given in the
introduction.
Definition 2.11. (1). Given an arbitrary morphism h : X → Y over k, the
equivariant automorphism group of h : X → Y , denoted by E(X/Y ), is the set of
pairs
{(τ, σ)|τ ∈ Autk(X), σ ∈ Autk(Y ) with h · τ = σ · h}
equipped with its natural group structure.
(2). If h : G→ Y is a group scheme, then the equivariant group automorphism
group of h : G→ Y , denote by Egp(G/Y ), is the subgroup of E(G/Y ) consisting of
SURFACE FIBRATIONS WITH LARGE EQUIVARIANT AUTOMORPHISM GROUP 9
(τ, σ) such that (τ, h) : G→ G×Y,σ Y is an isomorphism of group schemes.
G
(τ,h)
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
h
##
τ
!!❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇
G×Y,σ Y //

Y
σ

G
h // Y
G×k T
µ

id×τ
// G×k T
µ

T
τ //
h

T
h

Y
σ // Y
(3). If G is a group scheme over k, Y is a k-variety and h : T → Y is a
G-torsor. Then the equivariant torsor automorphism group of h : T → Y , denote
by Etor(T/Y ), is the subgroup of E(T/Y ) consisting of (τ, σ) such that (τ, h) :
T → T ×Y,σ Y is an isomorphism of G-torsors. Equivalently, we have the right
commutative diagram above for the pair (τ, σ), where µ : G×k T → T is the group
action morphism.
These notions will be substantially used in the following of the paper. To be
familiar with these notions, we check an easy example.
Example 2.12. Let π : X → Y be an e´tale Galois cover of smooth k-varieties
with Galois group G = AutY (X) ⊆ Autk(X). Then X is considered as a G-torsor
over Y (cf. Remark 2.2(1)). In this case, we have identifications of Etor(X/Y ) and
E(X/Y ) shown in the following picture:
Etor(X/Y )
p1
≃
//
 _

CG(Autk(X)) _

  // Autk(X) E(X/Y )
p1
// Autk(X)
E(X/Y )
p1
≃
// NG(Autk(X))
  // Autk(X) (τ, σ)
✤ p1 // τ
2.3. Isomorphism and Automorphism of curves. We first declare a conven-
tion. Let F be a smooth projective curve over k. Then
• Autk(F ) is to denote the k-automorphism group of F .
• Autk(F ) is to denote the group scheme representing the functor (cf. [14,
§ 5.6.2])
Aut
k
(F ) : Sch/k→ Group, T 7→ AutT (F ×k T ).
Namely, we have
Autk(F )(k) = Autk(F ).
When g ≥ 2, it is well known that the group scheme Autk(F ) is finite and e´tale
over k. So it makes no difference to use Autk(F ) and Autk(F ) interchangeably.
2.3.1. Automorphism of elliptic curves. Let E be an elliptic curve (with group
scheme structure fixed). Then the functor
Autgp
k
(E) : Sch/k→ Group, T 7→ AutgpT (E ×k T )
is represented by a finite e´tale subgroup scheme Autgp
k
(E) ⊆ Autk(E). As this
subgroup scheme is finite e´tale, it makes no different to useAutgp
k
(E) and Autgp
k
(E)
interchangeably. Then it is well known Autk(E) admits a natural semi-direct
product:
(2.2) Autk(E) = E ⋊Aut
gp
k
(E),
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where E ⊆ Autk(E) is the translation subgroup scheme. It is well known that
Proposition 2.13. Any finite subgroup scheme of Autk(E) acting freely on E is
contained in the translation subgroup scheme E ⊆ Autk(E).
2.3.2. Automorphism of affine curves. Let Y be either A1
k
or (A1
k
)∗ now. As Y is
no longer projective, the automorphism functor
Aut
k
(Y ) : Sch/k→ Group, W 7→ AutW (Y ×k W )
is no longer representable. However, using the canonical embedding Y →֒ P1
k
,
taking ∆ = (P1
k
\Y )red, we can define a subfunctor LAutk(Y ) ⊆ Autk(Y )
LAut
k
(Y ) = Aut
k
(P1k,∆) : Sch/k→ Group,
W 7→ { σ ∈ AutW (P1k ×k W ) | σ|∆×kW = id }
that is represented by a subgroup scheme LAutk(Y ) ⊆ PGL2,k. We call this
subgroup scheme LAutk(Y ) the linear automorphism group scheme. The explicit
description of the linear automorphism group scheme is as follows:
• when Y = (A1
k
)∗, LAutk(Y ) = Gm which acts on (A
1
k
)∗ ⊆ P1
k
multiplica-
tively (cf. Example 2.9);
• when Y = A1
k
, then LAutk(Y ) = Ga ⋊ Gm, where Ga and Gm acts on
A1
k
⊆ P1
k
additively and multiplicatively (cf. Example 2.9).
Now let R be a finite k-algebra. We shall study the R-automorphism group of
YR := Y ×k R.
Proposition 2.14. Let H ⊆ Autk(Y ) ⊆ AutR(YR) be an arbitrary infinite sub-
group, ϕ : YR → YR be an R-automorphism contained in the centralizer group of H
in AutR(YR). Then ϕ is contained in LAutk(Y )(R).
Proof. In the following, in either Y = A1
k
or (A1
k
)∗ case, we denote by t its natural
coordinate function.
Case: Y = (A1
k
)∗.
In this case we have an exact sequence:
(2.3) 0→ k∗ → Autk(Y )→ Z/2Z→ 0.
Here k∗-acts on Y multiplicatively (cf. Example 2.9). Then by assumption, the
group H ∩ k∗ is also infinite. We write ϕ(t) =
n∑
i=−n
µit
i, µi ∈ R for some n ∈ N+.
Then for any λ ∈ H ∩ k∗, by the centralizer assumption we have ϕ(λt) = λϕ(t). In
all, the equation (λi−1 − 1)µi = 0 holds for infinitely many λ ∈ k for any i. Hence
we must have µi = 0 for all i except i = 1. We are done.
Case: Y = A1
k
.
We have Autk(A
1
k
) = {φa,b : t 7→ at + b|a ∈ k∗, b ∈ k}. We can write ϕ(t) =
n∑
i=0
µit
i, µi ∈ R for some n = deg(ϕ) ∈ N+ (here deg(ϕ) is the degree of the
leading non-zero coefficient rather than the invertible coefficient). By the centralizer
assumption, we have
ϕ(at+ b) = aϕ(t) + b, ∀ φa,b ∈ H.
Assuming n = deg(ϕ) ≥ 2, we need to obtain a contradiction. First by comparing
the leading coefficient in the above equation we have an = a ∈ k for any φa,b ∈ H .
Therefore, there are only finitely many choice of a and following the infiniteness of
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H , the intersection of H with the subgroup k := {φ1,b|b ∈ k} is infinite. Namely
ϕ(t+ b) = ϕ(t)+ b holds for infinitely many b ∈ k. Taking a k basis 1 = e1, · · · , em
of R such that e2, · · · , em form a basis of a maximal ideal m of R. Then we can
find ϕi(t) ∈ k[t] so that
ϕ(t) = ϕ1(t)e1 + ϕ1(t)e2 + · · ·+ ϕm(t)em, ϕi(t) ∈ k[t].
Now the equation ϕ(t+ b) = ϕ(t)+ b is equivalent to ϕi(t+ b) = ϕi(t)+ δ1,ib. First
note that ϕ1 : A
1
k
→ A1
k
is the induced isomorphism
ϕ1 : A
1
R ⊗R k ϕ→ A1R ⊗R k, k = R/m
for the maximal ideal m. so deg(ϕ1) = 1. Then for i ≥ 2, the equation ϕi(t+ b) =
φi(t) for infinitely many b ∈ k forces ϕi(t) to be a constant polynomial. Therefore
n = max{deg(ϕi(t))|i = 1, 2, · · · ,m} is at most one, a contradiction. 
Corollary 2.15. Let G be a finite group scheme over k admitting a faithful action
on Y = A1
k
or (A1
k
)∗. Suppose the group action of G is commutative with an infinite
subgroup H ⊆ Autk(Y ). Then G is a subgroup scheme of LAutk(Y ). In particular,
the G-action on Y extends to the compactification Y ⊆ P1
k
.
Proof. The group action µ : G×k Y → Y gives an R := OG-automorphism of Y :
G×k Y
p1

Φ:=id×µ
// G×k Y
p1

(g, y) 7→ (g, g · y)
G G
This automorphism by definition commutes with H . By Proposition 2.14, G is a
subgroup scheme of LAutk(Y ). 
Finally, let us figure out the finite subgroup schemes of LAutk(Y ) that acts
freely on Y .
Proposition 2.16. (1). When Y = (A1
k
)∗, the group scheme LAutk(Y ) = Gm
acts freely on Y . In particular, any finite subgroup scheme of Gm acts on U freely.
(2). When Y = A1
k
, with respective to the semi-direct product LAutk(Y ) =
Ga ⋊ Gm, a subgroup scheme of LAutk(Y ) acts freely on Y if and only if it is
contained in Ga.
The proof is elementary and we left it to the readers.
3. Torsors with large equivariant automorphisms
3.1. Statement of the main theorem. The aim of this section is to give a
classification of the pair (G, ν : T → U), where
(i). G is a finite group scheme over k whose identity component G0 is Abelian;
(ii). U is an irreducible, smooth curve over k;
(iii). ν : T → U is a G-torsor with infinite Etor(T/U) (cf. Definition 2.11).
Note that there is an exact sequence (cf. [6, Lem. 4.1])
1→ HomG
k
(T,G)→ Etor(T/U) ν♯→ Autk(U), ν♯ : (τ, σ) 7→ σ,
here the group HomGk (T,G) ⊆ Homk(T,G) is the subgroup consisting of equivariant
G-homomorphism from T to G (G acts on itself by conjugation).
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Lemma 3.1. The subgroup HomG
k
(T,G) is finite under our assumption.
Proof. As G is finite, we have a natural semi-direct decomposition: G = G0⋊G(k)
and thus obtain another natural exact sequence:
1→ HomGk (T,G0)→ HomGk (T,G)→ HomGk (T,G(k)).
The quotient target group HomG
k
(T,G(k)) ⊆ Homk(T,G(k)) is automatically finite,
and it suffices to prove that HomG
k
(T,G0) ⊆ HomG
0
k
(T,G0) is finite. As our G0
is Abelian, we have HomG
0
k (T,G
0) = Homk(T/G
0, G0) (cf. [6, Lem. 4.1]). As by
construction T/G0 is an G(k)-torsor over the smooth curve U , T/G
0 is itself smooth
too. In particular, Homk(T/G
0, G0) is the trivial group and we are done. 
Corollary 3.2. The group Etor(T/U) is infinite if and only if the group
Btor(T/U) := Im(ν♯ : E
tor(T/U)→ Autk(U)) ⊆ Autk(U)
is infinite.
The main result of this section is the following:
Theorem 3.3. Given a pair (G, ν : T → U) satisfying the conditions (i)-(iii)
in the beginning of this section, there is a subgroup scheme G′ ⊆ G, a G′-torsor
ν′ : T ′ → U satisfying:
(a). T reduces to T ′ (cf. Definition 2.3);
(b). T ′ is irreducible and smooth over k;
(c). Etor(T ′/U) (equivalently Btor(T ′/U) by Corollary 3.2) is also infinite.
(d). let T ′ ⊆ C′ be the normal compactification, then the G′-action on T ′ extends
to C′.
Remark 3.4 In general, for a finite group scheme G over k and a G-torsor T over
a smooth and irreducible curve U , after shrinking U to a smaller open subset V ,
the torsor T |V reduces to a Λ′-torsor T ′ over V for a subgroup scheme Λ′ ⊆ G so
that T ′ is irreducible and smooth but over k. The proof can be similarly formulated
as the proof of Theorem 3.3 presented in the following. We shall not go into the
details here.
This theorem will be proved in § 3.2 based on the assumption of Theorem 3.7.
The assumed Theorem 3.7 will be proved in § 3.3. Finally, in § 3.4, we will give a
complete classification of the pairs (G′, ν′ : T ′ → U) mentioned in Theorem 3.3.
3.2. Proof of Theorem 3.3. We shall make several reductions to prove The-
orem 3.3. Let (G, ν : T → U) be as in Theorem 3.3. We remind that there is a
canonical semi-direct decomposition G = G0⋊kG(k) and G
0 is Abelian by assump-
tion. First let M := T/G0, then π : T → M is a G0-torsor (cf. Theorem 2.5(2))
and γ :M → U is a G(k)-torsor as G0 is normal in G.
T
π
G0-torsor
//
ν
G-torsor
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘ M = T/G
0
γ
G(k)-torsor
tt❥❥❥❥
❥❥❥❥
❥❥❥❥
❥❥❥❥
❥❥❥
U
Lemma 3.5. With respect to their torsor structures, the groups Etor(T/M) and
Etor(M/U) are both infinite.
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Proof. For any (τ, σ) ∈ Etor(T/U) (cf. Definition 2.11), the isomorphism τ : T → T
is commutative with the G-action on T by definition. So there induces an isomor-
phism τ∗ :M →M commutative with the G(k)-action on it as follows:
T
τ

π // M
γ
//
τ∗

U
σ

T
π // M
γ
// U
In other words, (τ, τ∗), (τ∗, σ) are contained in E
tor(T/M) and Etor(M/U) respec-
tively. Therefore the groups Etor(T/M) and Etor(M/U) are both infinite. 
Then we note that M , as an e´tale Galois cover of U with Galois group G(k)
(cf. Remark 2.2) is smooth over k as U is so. Fixing an arbitrary irreducible
component M1 of M , then M1 is a reduction of M by the group extension H =
{g ∈ G(k)|g(T2) = T2} ⊆ G(k) (cf. Example 2.4). In other words, let G1 =
G0 ⋊H ⊆ G0 ⋊G(k) = G be the associated subgroup scheme, then T first reduces
to a G1-torsor T1 := π
−1(M1) so that T1 is irreducible.
T1 = π
−1(M1)
ν1:=ν|T1
G′1-torsor
**❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯
π|T1
G0-torsor
// M1
γ1:=γ|M1
G′1(k)-torsor
uu❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
U
Lemma 3.6. The group Etor(T1/U) is also infinite.
Proof. In fact, given any (τ, σ) ∈ Etor(T/U), if τ(T1) = T1, then its restriction
on T1 induces an element (τ |T1 , σ) ∈ Etor(T1/U). As T, T1 are homeomorphic to
M,M1 respectively, T1 is an irreducible component of T . Since T has only finitely
many irreducible components, the subgroup {(τ, σ)|τ(T1) = T1} ⊆ Etor(T/U) has
a finite index. We are done. 
So similarly, the groups Etor(T1/M1) and E
tor(M1/U) are both infinite too. Up to
now, we have reduced T into an irreducible torsor T1. Then we claim the following
theorem, which will be proved in § 3.3.
Theorem 3.7. Suppose Λ is an infinitesimal Abelian group scheme, ν : X → Y is a
Λ-torsor over an smooth irreducible curve Y with infinite Etor(X/Y ) (equivalently,
infinite Btor(X/Y )). Then X reduces to a torosr X ′ under a subgroup scheme
Λ′ ⊆ Λ satisfying:
(i). X ′ is smooth over k;
(ii). Etor(X ′/Y ) (equivalently, Btor(X ′/Y )) is still infinite.
Assuming this theorem at the moment, by the reduction we have an identification
(X ′×kΛ)/Λ′ = X (cf. Definition 2.15) inducing a canonical isomorphismX ′ = Xred
as follows
X ′ ((X ′ ×Y Λ)/Λ′)red _

Xred _

(X ′ ×Y Λ)/Λ′ X
In other words, the above theorem can be restated as follows:
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Theorem 3.8. Suppose Λ is an infinitesimal Abelian group scheme, ν : X → Y is
a Λ-torsor over an smooth, irreducible curve Y with infinite Btor(X/Y ). Then
(i). X ′ = Xred is smooth over k;
(ii). there is a subgroup scheme Λ′ ⊆ Λ preserving X ′ and with this Λ′-action X ′
is a Λ′-torsor over Y .
By this description, it is clear that Btor(X ′/Y ) contains Btor(X/Y ) as a subgroup.
Now take Λ = G0, X = T1, Y = M1, by Theorem 3.8, we obtain a subgroup
Λ′ ⊆ G0 acting on the smooth k-variety T ′ := (T1)red making T ′ a Λ′-torsor over
M1. Namely T1, as a G
0-torsor over M1 reduces to T
′. But note our target is to
prove that T1, as a G1-torsor over U , reduces to T
′. So we still have to show that
the G1(k)-action is preserved by the reduction T1 → T ′ at the same time. Namely,
we need to prove that
• the G1(k)-action on T1 preserves T ′;
• the subgroup scheme Λ′ is preserved by the conjugation action of G′1(k).
As G′1(k) is an e´tale group scheme, it clearly preserves T
′ = (T1)red. So it remains
to prove the second condition.
Lemma 3.9. The subgroup scheme Λ′ ⊆ G0 is preserved by the (conjugation-
)action of G′1(k).
Proof. Note the subgroup scheme Λ′, is uniquely determined byX ′ as its normalizer
in G′1. In fact, as T
′ is a Λ′-torsor over M1, for any k-scheme W with X
′(W ) 6= ∅,
we have
Λ′(W ) = {h ∈ G′1(W )|h ·X ′(W ) = X ′(W )} ⊆ G′1(W ).
Now giving an arbitrary g ∈ G′1(k), the map g : X → X is an isomorphism of
G′1-torsors preserving X
′ by construction. So
gΛ′(W )g−1 = {h ∈ G′1(W )|g−1hg ·X ′(W ) = X ′(W )}
= {h ∈ G′1(W )|hg ·X ′(W ) = g ·X ′(W )}
= {h ∈ G′1(W )|h ·X ′(W ) = X ′(W )} = Λ′(W )
Here note as g(X ′) = X ′ we have g · X ′(W ) = X ′(W ), hence gΛ′g−1 = Λ′ as
desired. 
In other words, the smooth irreducible curve T ′ is a G′ = Λ′⋊G1(k)-torsor over
U which the G1-torsor T1 reduces to. Note from the construction T
′ = (T1)red,
any (τ, σ) ∈ Etor(T1/U) must restricts to an element in Etor(T ′/U). So Btor(T ′/U)
contains Btor(T1/U) as a subgroup and hence E
tor(T ′/U) is infinite (cf. Lemma 3.6).
Finally, the next lemma completes the proof of the last assertion of Theorem 3.3.
Lemma 3.10. Let T ′ ⊆ C′ be the normal compactification of T ′. Then the G′-
action on T ′ extends to C′.
Proof. Note that in this case, we have an infinite subgroup
H := Im(p1 : E
tor(T ′/U)→ Autk(T ′), (τ, σ) 7→ τ) ⊆ Autk(T ′)
commutes with the G′-action on T ′ by definition. In particular, Autk(T
′) is infinite.
As T ′ is smooth irreducible, T ′ is one of the four curves: an elliptic curve, P1
k
,A1
k
or
(A1
k
)∗. There is nothing to prove when T ′ is projective. So it remains to prove when
T ′ = A1
k
or (A1
k
)∗. Note in this case, with the group H in mind, our conclusion
follows from Corollary 2.15 immediately. 
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In conclusion, assuming Theorem 3.7, we complete the proof of Theorem 3.3.
3.3. Infinitesimal torsors with infinite equivariant automorphism group.
We now prove Theorem 3.7. Recall that Λ is an infinitesimal group scheme over
k, ν : X → Y is a Λ-torsor with infinite Etor(X/Y ) (or equivalently Btor(X/Y ))
and Y is a smooth irreducible curve over k. Note as Btor(X/Y ) is a subgroup of
Autk(Y ), this curve Y can only be one of the following: an elliptic curve, P
1
k
,A1
k
and (A1
k
)∗.
Since Λ is finite and commutative over k this time, the (fppf-)Λ-torsors of is
classified by the Abelian group H1fl(Y,Λ):
{(fppf-)Λ-torsor over Y } 1−1⇐⇒ H1fl(Y,Λ), X 7→ oX ∈ H1fl(Y,Λ).
Note that there is a natural Autk(Y )-action on the group H
1
fl(Y,Λ), we can then
reinterpret Btor(X/Y ) as follows.
Lemma 3.11. With respect to the natural Autk(Y )-action, we have
Btor(X/Y ) = StaboX ⊆ Autk(Y ).
Proof. By definition, σ ∈ Autk(Y ) is in the stabilizer of oX if and only if there is an
isomorphism θ : X ≃ X ×Y,σ Y commutative with the Λ-action. The existence of
such θ is the same as the existence of τ := p1◦θ : X → X making (τ, σ) ∈ Etor(X/Y )
by definition. We are done. 
Next, recall that for a subgroup scheme Λ′ ⊆ Λ, there is an Autk(Y )-equivariant
homomorphism
ΦΛ,Λ′ : H
1
fl(Y,Λ
′)→ H1fl(Y,Λ).
Then a reduction of structure group on a Λ-torsor X to Λ′ (cf. Definition 2.3) is
nothing but a Λ′-torosr X ′ on Y satisfying: oX = ΦΛ,Λ′(oX′).
Lemma 3.12. Let Λ′ ⊆ Λ be a subgroup scheme, then the natural map ΦΛ,Λ′ :
H1fl(Y,Λ
′) → H1fl(Y,Λ) is injective. In particular, suppose X descends to X ′, then
Btor(X ′/Y ) = Btor(X/Y ).
Proof. We have an exact sequence in the fppf topology:
0→ Λ′ → Λ→ Λ/Λ′ → 0.
And we therefore obtain the following long exact sequence:
Λ/Λ′(Y )→ H1fl(Y,Λ′)
ΦΛ,Λ′−→ H1fl(Y,Λ).
As Λ/Λ′ is finite and Y is reduced, we have Λ/Λ′(Y ) is trivial since Λ is infinitesimal.
The in particular part follows from the previous lemma since φΛ,Λ′ is equivariant
with respect to the Autk(Y )-action. 
Proof of Theorem 3.7. We shall prove by induction on r(Λ) := rk(Λ).
Starting stage: r(Λ) = 1.
In this case we have Λ = µp or αp. Using Kummar theory, we have the following
two exact sequences:
(3.1) H0(Y,OY )∗
p
→ H0(Y,OY )∗ → H1fl(Y, µp)→ Pic(Y ) p→ Pic(Y ).
(3.2) H0(Y,OY )
F∗Y/k→ H0(Y,OY )→ H1fl(Y, αp)→ H1(Y,OY )
F∗Y/k−→ H1(Y,OY ).
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(A.) When Y = E is an elliptic curve. Let X0 := Xred. Then the map ρ :
X0 → E has two possibilities: either deg(ρ) = 1 or deg(ρ) = p since ρ is a
homeomorphism.
If deg(ρ) = 1, ρ : X0 → E is an isomorphism and thus the torsor ν : X → E
admits a section. So X is trivial and then reduces to the trivial torsor X ′ = E
under the identity group Λ′ = e ⊆ Λ.
If deg(ρ) = p, X = X0 is reduced by flatness. Suppose X is not smooth
and x1, x2, · · · , xn are its singularities, then the finite set yi = ν(xi) ∈ E
is preserved by any σ ∈ Btor(X/Y ). Hence Btor(X/Y ) must be finite, a
contradiction.
(B.) When Y = P1
k
. We have H1fl(Y, µp) = H
1
fl(Y, αp) = 0 by (3.1) and (3.2). We
are done.
(C.) When Y = A1
k
= Spec(k[t]). If Λ = µp, we have H
1
fl(Y, µp) = 0 by (3.1) and
we are done. If Λ = αp, by (3.2), H
1
fl(Y, αp) = k[t]/k[t
p]. By construction,
for each f(t) ∈ k[t]/k[tp], the torsor associated to it is nothing but X =
Spec(k[t, x]/(xp − f(t))). Now, the automorphism group Autk(A1k) = {φa,b :
t 7→ at+ b, a ∈ k∗, b ∈ k} acts on k[t]/k[tp] by mapping
φa,b · f(t) = f(at+ b).
So φa,b stabilize f(t) ∈ k[t]/(k[t])p if and only if f(t) − f(at + b) ∈ k[tp].
An easy calculation shows that only f(t) with f = λt, λ ∈ k has an infinite
stabilizer group. In other words, except for the trivial torsor (f = 0), other
αp-torsors X with infinite B
tor(X/A1
k
) are given as X := Spec(k[x, t]/(xp −
λt), λ ∈ k∗, which is smooth over k.
(D.) When Y = (A1
k
)∗ = Spec(k[t, t−1]). If Λ = µp, we have by (3.1)
H1fl(Y, µp) = {1, t, t2, · · · , tp−1}.
Except for the trivial torsor represented by 1, for each ti, i = 1, · · · p− 1, the
associated torsor X := Spec(k[t, t−1, x]/(xp − ti)) is smooth and connected.
If Λ = αp, we have by (3.2), H
1
fl(Y, αp) is the space k[t, t
−1]/k[tp, t−p].
Following the exact sequence (2.3), the stabilizer of f(t) ∈ k[t, t−1]/k[tp, t−p]
is infinite if and only if f(t) is fixed by infinitely many λ ∈ k∗. In other words,
f(λt)−f(t) ∈ k[tp, t−p] for infinitely many λ ∈ k∗. An easy calculation shows
that only f = 0 satisfying this property and we are done.
Inductive process.
Now assume r(Λ) ≥ 2. We can first choose an arbitrary subgroup scheme Ξ ⊆ Λ
of rank 1. Denote by X := X/Ξ, the Λ/Ξ-torsor on Y . By inductive assumption,
we have
• eitherX descends to some Λ′/Ξ-torsor for a proper subgroup scheme Λ′ ⊆ Λ
containing Ξ;
• or X is smooth connected.
In the first case, we have the following commutative diagram of exact sequence:
0 // Ξ // Λ′ // _

Λ′/Ξ

// 0
0 // Ξ // Λ // Λ/Ξ // 0
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Hence, we derive the following commutative diagram.
0 // H1(Y,Ξ) // H1(Y,Λ′) //
 _

H1(Y,Λ′/Ξ)
 _

// H2(Y,Ξ)
0 // H1(Y,Ξ) // H1(Y,Λ)
π // H1(Y,Λ/Ξ) // H2(Y,Ξ)
Here the middle vertical arrows are injective by Lemma 3.12. By diagram chasing,
it is not difficult to see that oX ∈ H1(Y,Λ) this time descends to some oX′ ∈
H1(Y,Λ′) since oX = π(oX) is so. Then we are done by the inductive assumption
as r(Λ′) < r(Λ).
The next case, where X is smooth, we consider the map ρ : X0 := Xred → X.
We have two possibilities: deg(ρ) = 1 or p since ρ is a homeomorphism of degree
at most p.
First assume deg(ρ) = 1. As X is smooth, ρ is an isomorphism. In other words,
the Ξ-torsor X → X admits a section and hence is trivial. So, the Ξ-action map
ι : Ξ×kX0 → X is an isomorphism. Namely, we can identify X = Ξ×kX0 so that
the subgroup Ξ acts only on the first factor by transaltions. Then the group action
of Λ induces gives a natural morphism
θ : Λ×k X0 → X ι
−1
→ Ξ×k X0 p1→ Ξ,
inducing a map
X0 7→ Homk(Λ,Ξ)
Lemma 3.13. The map θ is constant.
Proof. Since both Λ,Ξ are proper over k, Hom
k
(Λ,Ξ) is represented by a scheme
Homk(Λ,Ξ) locally of finite type over k (cf. [14, § 5.6.2]). By construction, for any
W ∈ Sch/k and W -points λ ∈ Λ(W ), x0 ∈ X0(W ), its image θ(λ, x0) = ξ ∈ Ξ(W )
is such that there is a x′0 ∈ X0(W ) with λ · x0 = ξ · x′0. Now for any (τ, σ) ∈
Etor(X/Y ), as τ automatically preserves X0, we have
λ · (τ(x0)) = τ(λ · x0) = τ(ξ · x′0) = ξ · τ(x′0).
In other words, θ(λ, τ(x0) = θ(λ, x0). So the morphism X0 → Homk(Λ,Ξ) is
invariant under the isomorphism τ |X0 : X0 → X0 for all (τ, σ) ∈ Etor(X/Y ).
Note for different σ, the automorphism τ |X0 is also different. As Btor(X/Y ) is
infinite, there are infinitely many such automorphism τ |X0 . So the morphism X0 →
Homk(Λ,Ξ) must be a constant one as X0 is only a curve. 
From this lemma there is a morphism θ : Λ→ Ξ so that for anyW ∈ Sch/Y, g ∈
Λ(W ), t ∈ X0(Λ) there is v(t, g) ∈ X0(T ) so that g · t = θ(g) · v(t, g). As a result,
we have
(g1g2) · t = θ(g1g2) · v(t, g1g2) = g1 · (θ(g2) · v(t, g2))
= θ(g2) · (g1 · v(t, g2)) = θ(g2) · (θ(g1) · v(v(t, g2), g1))
= θ(g1)θ(g2) · v(v(t, g2), g1))
The isomorphism ι then says
θ(g1g2) = θ(g1)θ(g2) and v(t, g1g2) = v(v(t, g2), g1).
In other words, θ : Λ→ Ξ is a homomorphism and the action
Λ×X0 → X0, (g, t) 7→ v(t, g)
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is a group action. Let Λ′ = Ker(θ), then π : Λ′
≃→ Λ/Ξ is an isomorphism. One
checks directly the induced Λ′-action on X0 is identified with the Λ/Ξ-action on X.
Λ′ ×k X0
π×ρ

// X0
ρ

Λ/Ξ×k X // X
Namely, X0 is a Λ
′-torsor reducing X . We are done in this case.
Next we assume deg(ρ) = p. Then X is reduced by flatness assumption. Now
this time X → X is a non-trivial Ξ-torsor. As r(Ξ) = 1, this Ξ-torsor X over X
can not descend to the identity subgroup, which is the unique subgroup of Ξ. It
then suffices to prove that this Ξ-torsor has an infinite Btor(X/X) by our inductive
assumption. In fact, for any (τ, σ) ∈ Etor(X/Y ), the automorphism τ : X → X
preserves the Λ-action by definition, it induces an isomorphism τ : X → X so that
we have the following commutative diagram:
X
π //
τ

X
τ

// Y
σ

X
π // X // Y
In other words, the Ξ-torsor X/X ′ also has an infinite Btor(X/X ′). 
3.4. Classification of torsor with infinite equivaraint automorphism. Now
we classify the pair (G′, ν′ : T ′ → U) given in Theorem 3.3. By changing symbols
(G′, T ′) to (G, T ), we want in fact to classify the pairs (T,G) so that:
• T is a smooth irreducible curve over k;
• G is a finite group scheme acting freely on T ;
• the centralizer of G in Autk(T ) is infinite.
With these data, the quotient map ν : T → U := T/G gives a G-torsor realization
(cf. Themorem 2.5). The group Etor(T/U) is identified with the centralizer of G in
Autk(T ) (cf. Example 2.12).
The complete classification is as follows:
Proposition 3.14. Let G be a finite group scheme over k, T be a smooth irreducible
curve over k admitting a free G-action so that the centralizer of G in Autk(T ) is
infinite. Then the pair (T,G) is one of the following:
(A.) T = E′ is an elliptic curve. Then subgroup schemes of Autk(E
′) acting
freely on E′ are contained in the translation subgroups E′ ⊆ Autk(E) by
Proposition 2.13. So G is a finite subgroup scheme of E′ acting naturally on
T = E′ by natural translations. This time U = E′/G is an elliptic curve.
(B.) T = P1
k
, G = {id}. This time ν = id : T = P1
k
→ U = P1
k
.
(C.) (char.(k) = p > 0) T = A1
k
. This time the group G is a subgroup scheme of
LAutk(A
1
k
) = Ga⋊kGm by Corollary 2.15. Then following Proposition 2.16,
G is a subgroup of the semi-direct summand Ga ⊆ LAutk(A1k) acting addi-
tively on A1
k
(cf. Example 2.9). This time U = T/G ≃ A1
k
.
(D.) T = (A1
k
)∗. This time the group G is a subgroup scheme of LAutk((A
1
k
)∗) =
Gm by Corollary 2.15. In other words, G is a finite subgroup scheme of Gm-
acting multiplicatively on (A1
k
)∗. This time U = T/G ≃ A1
k
.
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Remark 3.15 In the above classification, G is always Abelian.
4. On genus one fibrations
The genus one fibration is the most difficult part of this paper. We shall make
some preparations in this section. As we need to work over non-algebraically closed
field, we make the following conventions on genus one curves and elliptic curves.
Definition 4.1 (Genus one curve VS. Elliptic curve). We will fix the following
definition in this paper:
• a genus one curve XK over a field K is referred to a smooth projective,
geometrically connected curve of genus one.
• an elliptic curve EK over K is referred to a genus one curve along with a
fixed group scheme structure. In particular, EK(K) 6= ∅.
• a genus one (resp. an elliptic) surface fibration f : X → C (resp. µ :
J → C) over k is a fibration whose generic fibre is a genus one (resp. an
elliptic) curve.
There is a connection between genus one surface fibrations and elliptic fibrations
known as the Jacobian fibration. Let us recall in the following. Let f : X → C be
a surface fibration of genus one over k. By our convention, there is an open subset
U ⊆ C so that fU : XU := X ×C U → U is smooth. The relative Picard functor
PicXU/U (cf. [5, pp. 201, Chapter 8]) classifying the relative invertible sheaves on
XU is represented by a formally smooth group scheme PicXU/U locally of finite
type (cf. [17, n◦232, Thm. 3.1] or [5, pp. 210, Thm. 1])), called the relative Picard
scheme. This relative Picard scheme is a disjoint union
PicXU/U =
∐
n∈Z
PicnXU/U
of subschemes PicnXU/U classifying relative invertible sheaves on degree n, n ∈ Z.
These components PicnXU/U are smooth and projective over U . The identity com-
ponent JU := Pic
0
XU/U is in particular a smooth projective group scheme over U
of relative dimension g = 1, or equivalently JU → U is a relatively minimal elliptic
fibration over U . We then denote by µ : J → C its relative minimal model over C.
Definition 4.2 (Jacobian fibration). This model µ : J → C is called the Jacobian
fibration of f : X → C.
Let K := K(C) be the function field of C, η := Spec(K) →֒ C be the generic
point of C. Then by construction the generic fibre Jη of the Jacobian fibration
µ : J → C is the elliptic curve Pic0Xη/K . In other words, the Jacobian fibration of
a genus one fibration is first replacing the generic fibre by its Jacobian (i.e., Pic0)
and then taking relatively minimal model.
Noticing that every degree one invertible sheaf on a genus one curve is the in-
vertible sheaf associated to a unique degree one effective divisor on it, we can then
identify XU canonically with Pic
1
XU/U . So the group structure of PicXU/U gives a
natural group JU -action on XU
Pic0XU/U ×U Pic1XU/U // Pic1XU/U
JU ×U XU // XU
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With this action, XU is regarded naturally as an (e´tale-)torsor under JU . Sim-
ilarly, the schemes PicnXU/U also admits natural (e´tale-)torsor structure under
JU = Pic
0
XU/U . It is well known that e´tale torsors of JU are classified by the
group H1e´t(U, JU ). Let oXU ∈ H1e´t(U, JU ) be the element corresponding to XU .
Then we can see that the torsor corresponding to n · oXU ∈ H1e´t(U, JU ) is exactly
PicnXU/U .
Proposition 4.3. The element oXU ∈ H1e´t(U, JU ) is a torsion element. In fact,
for any irreducible horizontal D, we have [D : C] · oXU = 0.
Proof. Let n := [D : C]. The divisor D gives an element OX(D)|XU ∈ PicnXU/U (U)
In other words, the torsor PicnXU/U is trivial and we are done. 
Then we study the relative automorphism group AutC(X). When f is relatively
minimal we have AutC(X) = AutK(Xη). Denote by K := K
sep and η := Spec(K)
the geometric generic point of C.
Proposition 4.4. We have an exact sequence:
(4.1) 0→ Jη(K) ̺→ AutK(Xη) ν→ AutgpK (Jη)
Proof. First note that the group action of Jη on Xη gives an injective homomor-
phism ̺ : Jη(K)→ AutK(Xη) naturally. Then given anK-automorphism σ : Xη →
Xη, there induces a group homomorphism σ
∗ : Pic0Xη/K = Jη → Pic0Xη/K = Jη.
The second map ν is given by σ 7→ σ∗. One can clearly extend the two maps above
to XK .
OverK, we knowXη is isomorphic to Jη. It is well known that the automorphism
group of an elliptic curve is generated by translations and group automorphism.
Therefore the following sequence of Γ := Gal(K/K)-groups obtained similarly to
that over K is exact:
0→ Jη(K) ̺→ AutK(Xη)
ν→ Autgp
K
(Jη)→ 1
Since Galois descent is effective on morphisms, we have
Jη(K) = Jη(K)
Γ,AutK(Xη) = AutK(Xη)
Γ and AutgpK (Jη) = (Aut
gp
K
(Jη))
Γ.
Then the desired exact sequence follows immediately. 
Corollary 4.5. If f : X → C is relatively minimal, we have the following exact
sequence:
(4.2) 0→ J(C)→ AutC(X)→ AutgpK (Jη).
Finally, we recall the following result on the rigidity of subgroups of an elliptic
curve.
Proposition 4.6. Let E be an elliptic curve over k, then its finite subgroup schemes
are rigid. In other words, if K is a field extension of k and MK is a finite subgroup
scheme of EK := E ×k K, then there is a finite subgroup scheme Λ of E so that
MK = Λ×k K.
Proof. Clearly, the finite e´tale subgroup schemes of E are rigid. So it remains to
assume MK is infinitesimal. If char.(k) = 0, then MK is trivial by Chevalley’s
celebrated theorem and we are done. Otherwise, we assume MK is not trivial.
Then MK must contain the kernel of the relative Frobenius homomorphism of EK ,
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which descends to that kernel over k. We are done then by modulo this kernel and
take inductions on the length of MK . 
Remark 4.7 This proposition fails in positive characteristics if E is replaced by
an Abelian variety of dimension at least two. See [19].
5. Surface fibration with a large relative automorphism group
In this section, we study the structure of f : X → C of fibre genus g ≥ 1 with
AutC(X) infinite.
5.1. A criterion for large relative automorphism group. Let K := K(C)
be the function field of C, η := Spec(K) →֒ C the generic point of C and Xη
the generic fibre of f : X → C. Then since f is relatively minimal, we have
AutC(X) ≃ AutK(Xη).
Theorem 5.1. The group AutC(X) is infinite if and only if g = 1 and the Jacobian
fibration of f is trivial.
Proof. If g ≥ 2, then AutC(X) = AutK(Xη) ⊆ AutK(Xη) is finite.
If g = 1, let µ : J → C be the Jacobian fibration of f : X → C. Then we have
an exact sequence (4.2) in Corollary 4.5. Noticing AutgpK (Jη) ⊆ AutgpK (Jη) is always
finite, AutC(X) is infinite if and only if J(C) = Jη(K) is infinite.
We claim that J(C) = Jη(K) is infinite if and only if J is trivial, or in other
words J = E ×k C for an elliptic curve E. The if part of the claim is clear and
we prove the only if part. In fact let E := TrK/k(Jη) be the K/k-trace of Jη (cf.
[11]). By the celebrated theorem of Lang-Ne´ron (cf. [11, Thm. 7.1]), the group
Jη(K)/E(k) is finite. As a result, E(k) is infinite and hence E is an elliptic curve
over k. So the trace map π : E ×k K → Jη is a surjective group homomorphism.
Due to Proposition 4.6, the kernel of π is defined over k and hence must be zero
by the universal property of the K/k-trace. In other words, Jη = E×kK and thus
J = E ×k C is trivial. We are done. 
It remains to study relatively minimal genus one fibrations with trivial Jacobian.
5.2. Standard Genus one fibrations with trivial Jacobian. We first present
some typical construction of genus one fibration with trivial Jacobian.
Example 5.2 (Standard genus one fibrations with trivial Jacobian). Let E be
an elliptic curve over k, Λ ⊆ E be a finite subgroup scheme and C′ be a smooth
projective curve admitting a faithful Λ-action. Therefore Λ acts diagonally on the
product E ×k C′. Note this diagonal action is free since the Λ-action on E is so.
Then the fibration f := p2 : X := (E×kC′)/Λ→ C := C′/Λ is a relatively minimal
genus one fibration with trivial Jacobian.
X
f

(E ×k C′)/Γ
p2

C C′/Γ
In fact, this X is smooth by Corollary 2.6 and as the translations on E induces a
trivial action on its Pic0, the Jacobian fibration of f is trivial.
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Remark 5.3 (1). The subgroup scheme Λ ⊆ E can be non-e´tale in positive char-
acteristic.
(2). One key feature for these fibration f : X → C is that it admits another fibra-
tion h = p1 : X = (E ×k C′)/Λ→ E/Λ onto an elliptic curve E/Λ. This fibration
h is smooth and all of its closed fibres are isomorphic to C′ (cf. Corollary 2.6).
Theorem 5.4. Example 5.2 exhausts all relatively minimal genus one fibration with
trivial Jacobian fibration that is at the same time standard (cf. Definition 1.1).
Proof. Let (E,C′, G) be a standard realization of this fibration f : X → C and
let ̺ : G → Autk(E) be the associated G-action on E. It suffices to prove that
̺ : G→ Autk(E) factors through the translation subgroup scheme E ⊆ Autk(E).
In fact, let G1 := ̺
−1(E) ⊆ G,N := G/G1 ⊆ Autgpk (E), and C′1 = C′/G1. Then C′1
admits a natural faithful N -action so that C′1/N = C
′/G = C. As the translations
induces trivial action on Jacobian level, the Jacobian fibration of f is now birational
equivalent to
p2 : (E ×k C′1)/N → C = C′1/N
with diagonal N -action on E×kC′1. In particular, the Jacobian fibration is trivial if
and only if N is trivial, or equivalently ̺ factors through the translation subgroup
scheme E ⊆ Autk(E). We are done. 
After [3, § VI] and [23], which tell us any isotrivial fibration in characteristic
zero is standard, we have the following classification theorem.
Theorem 5.5. In characteristic zero, every relatively minimal genus one fibration
with trivial Jacobian occurs in Example 5.2.
5.3. Non-standard examples. Unlike in characteristic zero case, there are non-
standard isotrivial genus one fibration with trivial Jacobian. We shall present such
an example in the following.
Example 5.6. We first choose a supersingular elliptic curve E over k and fix an
isomorphism αp ≃ Ker(FE/k : E → E(p)) ⊆ E. Thus, αp is a subgroup scheme of
E and can act freely on E by translations. Then we choose an arbitrary smooth
projective curve C′ and denote by C := C′(p). Let U ′ ⊆ C′ be an open subset
admitting a free action of αp and U := U
′(p) ⊆ C. Then αp can act on E ×k U ′
diagonally as usual. Note this action is free on both factors.
Take the fibration f0 = p2 : X0 := (E ×k U ′)/αp → U ′/αp = U ′(p) = U . It can
be seen that all closed fibres of f0 are isomorphic to E (cf. Corollary 2.6). So f0
is a smooth genus one fibration over U := U ′(p) ⊆ C. Take f : X → C to be the
relative minimal model of f0.
E ×k U π //
p2

X0 = (E ×k U ′)/αp 
 relatively
minimal model
//
f0=p2

X
f

U ′
FU′/k
// U ′(p) = U ′/αp
  // C
We claim this fibration f has a trivial Jacobian. The reason is similar to Exam-
ple 5.2: as αp acts by translations on E, the Jacobian fibration of f0 is trivial over
U and hence over C.
Finally, we mention that the open subset U ′ always exists. We take U ⊆ C to be
any open affine subset admitting a regular function x so that its Ka¨hler differential
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dx generates Ω1U/k. Then OU ′ = OU [ p
√
x]. We can define the free αp-action on U
′
over U functorially by
(α, p
√
x) 7→ p√x+ α, ∀ T ∈ Sch/U, and α ∈ αp(T ) = {α ∈ OT |αp = 0}.
These examples in general are different to Example 5.2. The key reason is
that the αp-action on U
′ does not necessarily extend to C′. In fact, recall by
Proposition 2.10, the αp-action on U
′ is given by a regular derivative on U ′ which a
priori, does not necessarily extend to a global vector field on C′. Then we present
a concrete example as below.
Example 5.7 (A concrete example). Taking A1
k
= Spec(k[x]) ⊆ P1
k
= C′ and the
αp-action on A
1
k
given by
(α, x) 7→ x+ α · xp, ∀ T ∈ Sch/k, α ∈ αp(T ) = {α ∈ OT |αp = 0}
in Example 5.6. Then the regular derivative associated to this αp-action by Propo-
sition 2.10 is δ1 = x
p∂x ∈ H0(A1k, TA1
k
/k) and in particular, the αp-action is free on
the open subset U ′ = (A1
k
)∗ ( A1
k
where δ1 is non-vanishing. Let δ2 ∈ H0(E, TE/k)
be the non-zero global vector field on E associated to the free αp-action on E. Then
the derivative δ := 1⊗ δ1 + δ2⊗ 1 on E ×k A1k is the one associated to the diagonal
αp-action on the open subset E×kA1k in Proposition 2.10. We can easily check that
the foliation F(δ) = OE×kA1k · δ (cf. the paragraph below Proposition 2.10) extends
to a smooth foliation F on the total space E ×k P1k:
• F|E×kA1k is F(δ) generated by δ;
• F is generated by D2 = tp−2δ = 1 ⊗ ∂t + δ2 ⊗ tp−2 near E ×k ∞, here
t = 1/x is the local parameter at ∞.
As a result, the surface X is (E ×k P1k)/F (cf. Theorem. 2.8).
E ×k P1k
p2

π // X = (E ×k P1k)/F
f

(E ×k A1k)/F(δ)? _oo
p2

(E ×k A1k)/αp
p2

C′ = P1
k
Frobenius map
// C = P1
k
A1
k
/F(δ1)? _oo A1k/αp
By construction, we have c1(F) = p∗2OP1
k
(−(p− 2)) and hence by (2.1),
π∗KX = KE×kP1k − (p− 1)c1(F) = p
∗
2OP1
k
(p(p− 3)).
In particular, as soon as p ≥ 3, KX is nef. So the general fibre of its Albanese
fibration h = p1 : X → E/αp is not smooth (otherwise as X is uniruled, the general
fibre has to be P1
k
and X is ruled, a contradition). In other words, there is no
fibration from X onto an elliptic curve with smooth fibres, ruling out the possibility
of f to be standard (cf. Remark 5.3 (2) and Theorem 5.4).
Finally, when p ≥ 5, we have κ(X) = 1. In other words, f : X → P1
k
is
an isotrivial genus one fibration with only two singular fibres over P1
k
satisfying
κ(X) = 1. This is never the case in characteristic zero (cf. § 7.4).
5.4. Structure on genus one fibration in positive characteristics. After
Proposition 7.7 in § 7.2.1 saying that isotrivial fibrations of genus one are pre-
standard type, we give a coarse classification on genus one fibrations with trivial
Jacobian fibration in positive characteristic.
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Theorem 5.8. Let f : X → C be a relatively minimal genus one surface fibration
with trivial Jacobian fibration. Then there is an elliptic curve E over k, a finite
subgroup scheme Λ ⊆ E, an open subset V ⊆ C and a Λ-torsor T ′ over V which is
itself irreducible and smooth over k. With these data, f : X → C is the relatively
minimal model of the fibration p2 : (T
′×kE)/Λ→ V = T ′/Λ. Here Λ act diagonally
on T ′ ×k E as before.
E ×k T ′ π //
p2

(T ′ ×k E)/Λ ≃ //
p2

XV
  //
fV

X
f

T ′ // T ′/Λ
≃ // V
  // C
Proof. By Proposition 7.7, we have all the data (E,Λ, T ′/V ) except that a prior, Λ
is a subgroup scheme of Autk(E) rather than the translation subgroup scheme E
as desired. Following the same argument in the proof of Theorem 5.4, the fact Λ is
contained in E comes from the triviality assumption of the Jacobian fibration. 
6. Surface fibration with a large B-automorphism group, g ≥ 2
In this and the next section, we study the relatively minimal surface fibration
f : X → C over k with infinite B(X/C). In this section, we assume the fibre genus
of f is g ≥ 2. The treatment here is well known and standard. We take U ⊆ C
to be the smooth locus of f and fU : XU := X ×C U → U in the following of this
section.
Lemma 6.1. The fibration f is isotrivial. Namely, there is a smooth curve F of
genus g isomorphic to any closed fibre of fU : XU → U .
Proof. By the definition of B(X/C), for any σ ∈ B(X/C) the fibre f−1(c) is iso-
morphic to f−1(σ(c)) for any closed point c ∈ C. As B(X/C) is infinite, f is
isotrivial. 
As f is isotrivial and the functor Autk(F ) is rigid, the functor
IsoU (XU , F ×k U) : Sch/U → Set, W 7→ IsoW (XU ×U W,F ×k W )
is represented by an e´tale Galois cover ι : IsoU (XU , F ×k U) → U of smooth
curves whose Galois group is canonically identified with Autk(F ). The Galois
group Autk(F ) action on IsoU (XU , F ×k U) is functorially described as follows.
For any γ ∈ Autk(F ) and ζ : XU ×U W ∼→ F ×k W ∈ IsoU (XU , F ×k U)(W ) the
element γ · ζ is the following composition of isomorphisms
γ · ζ : XU ×U W ζ→ F ×k W γ×id−→ F ×k W ∈ IsoU (XU , F ×k U)(W ).
To avoid confusions, we denote by γ∗ : IsoU (XU , F ×k U) → IsoU (XU , F ×k U)
the Galois action for any γ ∈ Autk(F ). Following this Galois action, taking
φ : XU ×U IsoU (XU , F ×k U)→ F ×k IsoU (XU , F ×k U)
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to be the universal isomorphism, we have the commutative diagram below for any
γ ∈ Autk(F ):
XU ×U IsoU (XU , F ×k U)
id×γ∗

φ
// F ×k IsoU (XU , F ×k U)
γ×γ∗

XU ×U IsoU (XU , F ×k U) φ // F ×k IsoU (XU , F ×k U).
Let T := IsoU (XU , F ×k U) and G := Autk(F ) for short. Then in summation,
• T is a G-torsor over U ;
• XU ×U T is canonically isomorphic (via φ) to F ×k T
• under the canonical isomorphism, the Galois action on XU ×U T is trans-
lated to the diagonal G-action on F ×k T . In particular, with the diagonal
G-action on F ×k T , we have the following commutative diagram:
(6.1) X
fU

(X ×U T )/G
p2

≃
φ
// (F ×k T )/G
p2

U T/G T/G.
Proposition 6.2. The group Etor(T/U) (cf. Definition 2.11) is infinite.
Proof. Given any (τ, σ) ∈ E(X/C), let XσU := XU ×U,σ U . Then the isomorphism
(τ, fU ) : XU → XU = XU ×U,σ U
XU
(τ,fU )
≃
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗ fU
''
τ
((
XU ×U,σ U //

U
σ

XU
fU // U
induces an Autk(F )-equivariant isomorphism
Θ(τ, σ) : IsoU (XU , F ×k U)→ IsoU (XσU , F ×k U) = IsoU (XU , F ×k U)×U,σ U.
Then the isomorphism
τ∗ = p1 ◦Θ(τ, σ) : IsoU (XU , F ×k U) ≃ IsoU (XU , F ×k U)
(i.e., Θ(τ, σ) = τ∗ × ι) is such that ι · τ∗ = σ · ι . Namely, (τ∗, σ) is contained in
E(IsoU (XU , F ×k U)/U).
IsoU (XU , F ×k U)
ι

τ∗ // IsoU (XU , F ×k U)
ι

U
σ // U
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As mentioned the above isomorphism τ∗ is Autk(F )-equivariant, (τ
∗, σ) is in fact
contained in the subgroup Etor(T/U), see the following commutative diagram below.
IsoU (XU , F ×k U) γ
∗
//
Θ(τ,σ)

τ∗×ι
((
IsoU (XU , F ×k U)
Θ(τ,σ)

τ∗×ι
vv
IsoU (X
σ
U , F ×k U)
γ♯
// IsoU (X
σ
U , F ×k U)
IsoU (XU , F ×k U)×U,σ U γ
∗×id
// IsoU (XU , F ×k U)×U,σ U
Here γ♯ is the automorphism induced by the automorphism γ ∈ Autk(F ) on the
target space F ×k U of IsoU (XU ×U,σ U, F ×k U) similar to γ∗.
In particular, Btor(T/U) contains the infinite subgroup B(XU/U) = B(X/C) and
we are done. 
Following Proposition 6.2 and Theorem 3.3, there is a subgroup Γ ⊆ G so that
the G-torsor T furthermore reduces to a Γ-torsor T ′ satisfying:
• T ′ is irreducible and smooth over k;
• Etor(T ′/U) is infinite;
• the Γ-action on T ′ extends to its normal compactification T ′ ⊆ C′.
In particular, we have the following picture after (6.1):
(F ×k C′)/Γ
p2

(F ×k T ′)/Γ
p2

? _oo (F ×k T )/G ≃ //
p2

XU
fU

C = C′/Λ T ′/Γ?
_oo T/G U
In summary, we have the following theorem.
Theorem 6.3. Let f : X → C be a relatively minimal surface fibration of genus
g ≥ 2 with infinite B(X/C). Taking U ⊆ C to be the smooth locus of f , then there
are the following data:
i). a smooth curve F of genus g;
ii). an e´tale Galois cover ι : T ′ → U with Galois group Γ ⊆ Autk(F );
iii). this Galois cover ι : T ′ → U , considered as a Γ-torsor, has an infinite
Etor(T ′/U).
With these data, the fibration fU and f is given as follows:
XU
fU

(F ×k T ′)/Γ
p2

U T ′/Γ
X
minimal resolution //❴❴❴❴❴❴❴❴❴❴❴❴
f

(F ×k C′)/Γ
p2

C C′/Γ
Here C′ is the normal compactification of T ′ and Γ-acts on F ×k T ′ and F ×k C′
both diagonally.
Note conversely, given the above data (T ′, U,Γ, F ), we can easily check that
Btor(T ′/U) is contained in B(f : (F ×kU ′)/Γ→ U). So the above data (T ′, U,Γ, F )
is a sufficient and necessary condition to construct fibrations f : X → C as desired.
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Now applying the classification of torsors with infinite equivariant automorphism
group given in § 3.4, we have the following classification theorem.
Theorem 6.4. Up to isomorphism, there are exactly four kinds of relatively min-
imal surface fibration f : X → C of genus g ≥ 2 with B(X/C) infinite as below.
(A.) There is an elliptic curve E′ over k, a finite subgroup Γ ⊆ E′(k) and a smooth
curve F of genus g admitting a faithful Γ-action so that
f = p2 : X := (F ×k E′)/Γ→ C := E′/Γ.
Here Γ acts on E′ by natural translations and acts diagonally on F ×k E′.
In this case C is an elliptic curve, X is minimal, κ(X) = 1 and f is smooth.
(B.) The fibration is f = p2 : X := F ×k P1k → C := P1k for a smooth curve F of
genus g.
(C.) (char.(k) = p > 0) There is a non-trivial finite dimensional Fp-linear subspace
Γ ⊆ k and a smooth curve F of genus g admitting a faithful Γ-action so that
f : X → C is as follows
X
ϑ
minimal resolution of singularities
//
f

(F ×k P1k)/Γ
p2

C P1
k
/Γ
Here Γ acts on P1
k
additively (cf. Example 2.9) and acts diagonally on F×kP1k.
In this case C ≃ P1
k
, κ(X) = −∞, f has a unique singular fibre at ∞, and
the Albanese map of X factors through the fibration
p1 ◦ ϑ : X ϑ→ (F ×k P1k)/Γ p1→ F/Γ.
In particular, q(X) = g(F/Γ). Moreover, X is minimal if and only if the
Γ-action on F is free.
(D.) There is some n > 1 (in case char.(k) = p > 0, n is prime to p), a smooth
curve F of genus g admitting a faithful µn(k)-action so that f : X → C is as
follows
X
ϑ
minimal resolution of singularities
//
f

(F ×k P1k)/Γ
p2

C P1
k
/Γ
Here µn(k) acts on P
1
k
multiplicatively (cf. Example 2.9) and acts diagonally
on F ×k P1k.
In this case C ≃ P1
k
, κ(X) = −∞, f has two singular fibres at 0,∞, and
the Albanese map of X factors through the fibration
p1 ◦ ϑ : X ϑ→ (F ×k P1k)/Γ p1→ F/Γ.
In particular, q(X) = g(F/Γ). Moreover, X is minimal if and only if the
Γ-action on F is free.
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7. Surface fibration with a large B-automorphism group, g = 1
We then study the relatively minimal genus one fibration f : X → C with infinite
B(X/C). As the automorphism group of a genus one curve is no longer rigid, the
approach in the previous section does not apply.
7.1. Statement of the main result.
Theorem 7.1. Given a relatively minimal genus one fibration f : X → C with
infinite B(X/C). Take U ⊆ C to be the smooth locus of f . Then there is a an
elliptic curve E over k, a finite subgroup scheme Λ ⊆ Autk(E), a (fppf-)Λ-torsor
ν : T → U over U so that
a). Etor(T/U) (equivalently Btor(T/U)) is infinite;
b). T itself is irreducible and smooth over k;
c). let T ⊆ C′ be the normal compactification of T , then the Λ-action on T extends
to C′.
With these data, the fibration f : X → C is given as follows:
X
f

minimal resolution of singularities
ϑ // (E ×k C′)/Λ
p2

C C′/Λ
Here Λ-acts on E ×k C′ diagonally.
Corollary 7.2. In the above theorem, we have κ(X) = 0 if g(C) = 1 and κ(X) =
−∞ if g(C) = 0.
Proof. As B(X/C) ⊆ Autk(U) is infinite, U is one of the four curves: an elliptic
curve, P1
k
,A1
k
or (A1
k
)∗.
First if U is an elliptic curve, then f is a smooth isotrivial genus one fibration,
we have KX = 0 and hence κ(X) = 0.
Then in the rest cases, according to the classification in Proposition 3.14, we
have C′ ≃ P1
k
is a rational curve. Note there is another fibration
p1 : X
ϑ→ (E ×k C′)/Λ→ E/Λ
whose general closed fibres are isomorphic to C′ (cf. Corollary 2.6). The surface X
is a ruled surface and hence κ(X) = 0. 
In § 7.2, we give a proof of Theorem 7.1 and then in § 7.3, we shall give a
complete classification of relatively minimal genus one fibration f : X → C with
infinite B(X/C) after Theorem 7.1. Finally, we shall discuss an application to
surface of Kodaira dimension one in § 7.4.
7.2. Proof of Theorem 7.1. Now let f : X → C be a relatively minimal genus
one surface fibration with infinite B(X/C), U ⊆ C be the smooth locus of f and
µ : J → C be its Jacobian fibration. We are now going to prove Theorem 7.1. As
mentioned in § 4, XU = Pic1XU/U is a torsor under its Jacobian JU := Pic0XU/U .
We will denote by β : JU ×U XU → XU this group action.
Similar to the genus g ≥ 2 case, we first have the triviality of the Jacobian
fibration whose proof is the same as that of Lemma 6.1.
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Lemma 7.3. The fibration f : X → C is isotrivial. In other words, there is
an elliptic curve E over k so that all closed fibres of fU is isomorphic to E. In
particular, the fibration µ : J → C is also isotrivial and all of its smooth closed
fibre is also isomorphic to E.
The proof of Theorem 7.1 consists of two parts.
• In § 7.2.1 we will construct a torsor Z˜ over U under a subgroup scheme
Λ0 ⊆ Autk(E) so that
fU = p2 : XU = (E ×k Z˜)/Λ0 → U = Z˜/Λ0.
Here Λ0 acts diagonally on E×kZ˜. This construction works for all isotrivial
relatively minimal genus one fibration and is a characteristic-free general-
ization of [3, § VI]. But the torsor Z˜ we have here is possibly reducible and
non-reduced. We then claim a lemma (Lemma 7.9) saying that Etor(Z˜/U)
is infinite under the assumption B(X/C) is infinite. With this lemma, we
prove Theorem 7.1.
• The § 7.2.2 is devoted to prove Lemma 7.9.
7.2.1. Product-quotient realization of genus one isotrivial fibrations. As XU is a
torsor under JU , it is represented by an element oXU ⊆ H1e´t(U,E) = H1fl(U,E) (cf.
§ 4 and [16] for the equality of e´tale and flat cohomology). Moreover, this element
oXU is killed by some n ∈ N+ (cf. Proposition 4.3). Then the following exact
sequence in fppf topology
0→ JU [n]→ JU ·n→ JU → 0
gives us a surjective map
H1fl(U, JU [n])→ H1fl(U, JU )[n].
In other words, the JU -torsor XU reduces to a certain JU [n]-torsor. We now con-
struct this torsor explicitly. As n kills oXU , the JU -torsor Pic
n
XU/U is trivial. We
can thus fix an arbitrary s : U → PicnXU/U . Then the divisor Z ⊆ XU which is
the pull back of the section s under the multiplicative by n map is the JU [n]-torsor
desired.
(7.1) Z _

// U _
s

JU [n]×U Z _

β|Z
// Z _

XU = Pic
1
XU/U
·n // PicnXU/U JU ×U X
β
// X
In other words, we have the right picture above and the natural JU -action on XU
induces an isomorphism
(7.2) (JU ×U Z)/JU [n] ≃ XU ,
where JU [n]-acts on JU ×U Z diagonally.
Remark 7.4 Although the above construction of the reduction Z of XU is clas-
sical, we would like to explain a little more why such Z is a torsor under JU [n].
Functorially, by losing some rigorousness, s is represented by an invertible sheaf
Ls of relative degree n on XU . For any U -scheme W , a section ξ in XU (W ) gives
a section, still denoted by ξ, of XU ×U W p2→ W . This section ξ is an effective
relative divisor of degree one on XU ×U W and hence gives an invertible sheaf
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Lξ := OXU×UW (ξ(W )) on XU ×U W of relative degree one. By construction, the
subset Z(W ) ⊆ XU (W ) is consisting of those ξ so that Lnξ ≃ Ls|XU×UW fibrewisely.
Note that by this description, all such Lξ, ξ ∈ Z(W ) is a principal set of the group
JU [n](W ) = JU (W )[n] consisting of relative invertible sheaves M on XU ×U W so
that Mn ≃ OXU×UW fibrewisely. This explains the JU [n]-torsor structure on T .
Now note the group automorphism of E (E is given in Lemma 7.3) is also rigid.
So following the isotriviality in Lemma 7.3, the functor
IsogpU (JU , E ×k U) : Sch/U → Set, W 7→ IsogpW (JU ×U W,E ×k W )
is represent by an e´tale Galois cover ι : IsogpU (JU , E ×k U) → U whose Galois
group is canonically identified with Autgp
k
(E). Similar to the g ≥ 2 case, the
Galois group Autgp
k
(E)-action on IsogpU (JU , E ×k U) is functorially give as follows.
For any γ ∈ Autgp
k
(E) and group automorphism ζ : JU ×U W ∼→ E ×k W ∈
Iso
gp
U (JU , E×kU)(W ) the element γ ·ζ is the following composition of isomorphisms
(7.3) γ · ζ : JU ×U W ζ→ E ×k W γ×id−→ E ×k W ∈ IsogpU (XU , E ×k U)(W ).
To avoid confusions, we denote by γ∗ : IsogpU (XU , E ×k U) → IsogpU (XU , E ×k U)
this Galois action for any γ ∈ Autgp
k
(E). Following this Galois action, taking
φ : XU ×U IsogpU (XU , F ×k U)→ E ×k IsogpU (XU , E ×k U)
the universal isomorphism, then we have the following commutative diagram for
any γ ∈ Autk(F ):
(7.4) J˜ JU ×U IsogpU (JU , E ×k U)
id×γ∗

φ
// E ×k IsogpU (JU , E ×k U)
γ×γ∗

J˜ JU ×U IsogpU (JU , E ×k U)
φ
// E ×k IsogpU (JU , E ×k U).
In the following, for simplicity, we denote by Iso := IsogpU (JU , E ×k U), Z˜ :=
Z ×U Iso and J˜ := JU ×U Iso. Then both Z˜, J˜ admit the following group scheme
actions:
• the Galois group Autgp
k
(E)-action on Z˜, J˜ :
γ 7→ γ♯ : Z˜ = Z ×U Iso id×γ
∗
−→ Z ×U Iso = T˜ ,
γ 7→ γ♯ : J˜ = JU ×U Iso id×γ
∗
−→ JU ×U Iso = J˜ .
• an E-action m˜ : E ×k J˜ → J˜ on J˜ induced by the isomorphism φ as the
following picture:
J˜ ×Iso J˜
φ×id≃

(JU ×U JU )×U Iso
(group multiplication)×id
// JU ×k Iso
(E ×k Iso)×Iso J˜ E ×k J˜ m˜ // J˜
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• an E[n]-action β˜ : E[n]×k Z˜ → Z˜ on Z˜ given by the following picture:
(JU [n]×U Z)×U Iso
β|Z×id
// Z ×U Iso = Z˜
J˜ [n]×Iso Z˜ //
φ×id

Z˜
(E[n]×k Iso)×Iso Z˜ E[n]×k Z˜ β˜ // Z˜
On the other hand, there is a third group action as below. Taking the subgroup
scheme
Λ0 := E[n]⋊k Aut
gp
k
(E) ⊆ E ⋊k Autgpk (E) = Autk(E),
as Λ0 is a subgroup scheme of Autk(E), Λ0 can firstly act on E naturally and then
it can also act on Iso by the canonical quotient homomorphism Λ0 → Autgpk (E) =
AutU (Iso). Therefore Λ0 can acts on E ×k Iso diagonally.
Using the identification φ, the two group scheme actions by E[n] (induced by
the E-action) and Autgp
k
(E) on J˜ are in fact identified with the restriction of the
diagonal Λ0 = E[n] ⋊ Aut
gp
k
(E)-action on E ×k Iso to its semi-direct components
E[n] and Autgp
k
(E) by the following two commutative diagrams easily obtained.
E[n]×k J˜
id×φ

m˜ // J˜
φ

J˜
φ

γ♯
// J˜
φ

E[n]×k (E ×k Iso)
group multiplication
// E ×k Iso E ×k Iso
γ×γ∗
// E ×k Iso
In other words, the two group actions on J˜ can be glued together into a single
Λ0-action. In fact, not only the actions on J˜ , but also that on Z˜ glue.
Lemma 7.5. The above E[n] and Autgp
k
(E) actions on Z˜ glue altogether into a
Λ0-action on Z˜. Moreover, this time Z˜ is a Λ0-torsor over U .
Proof. First we check that the two actions glue to a Λ0-action. Given a γ ∈
Autgp
k
(E), from (7.4) and the commutative diagrams above, we obtain the following
large commutative diagram:
(JU [n]×k Iso)×Iso Z˜
φ×id
))
(id×γ∗)×γ∗γ
♯

β×id
// Z˜
γ♯

id
  
(JU [n]×k Iso)×Iso Z˜
φ×id
))
β×id
// Z˜
id

(E[n]×k Iso)×Iso Z˜
(γ,γ∗)×γ∗γ
♯

E[n]×k Z˜
γ×γ♯

β˜
// Z˜
γ♯

(E[n]×k Iso)×Iso Z˜ E[n]×k Z˜ β˜ // T˜
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In this commutative diagram, the box in bottom right-hand corner gives
γ♯(e0 · z˜) = γ(e0) · (γ♯(z˜)) ∀ W ∈ Sch/k, e0 ∈ E[n](W ), z˜ ∈ Z˜(W ).
We then finish the proof by noticing γ · e0 · γ−1 = γ(e0) in E[n]⋊Autgpk (E).
Then we show Z˜ is a torsor under Λ0 over U . In fact by construction, as Z is
a JU [n]-torsor over U , the action of E[n] on Z˜ is also free and we have Z˜/E[n] =
(Z/JU [n])×U Iso = Iso. Then our conclusion follows from the fact Iso is a torsor
over U under the group Autgp
k
(E) = Λ0/E[n]. We are done. 
Proposition 7.6. We have the following commutative diagram:
(E ×k Z˜)/Λ0 ≃ //
p2

XU
fU

Z˜/Λ0 U.
Here Λ0-acts on E ×k Z˜ diagonally.
Proof. By taking base change over Iso, we have a canonical isomorphism
(7.5) δ : E ×k Z˜ = (E ×k Iso)×Iso Z˜ φ×id≃ J˜ ×Iso Z˜ = (JU ×U Z)×U Iso.
Now since XU = (JU ×U Z)/JU [n] by (7.2), its base change
XU ×U Iso = ((JU ×U Z)/JU [n])×U Iso
is the quotient of (JU×UZ)×U Iso ≃ E×kZ˜ by the subgroup scheme JU [n]×U Iso =
J˜ [n] ≃ E[n]×k Iso as shown in the following picture:
E ×k Z˜ ≃
φ×id
//

J˜ ×Iso Z˜

(JU ×U Z)×U Iso

(E ×k Z˜)/E[n] ≃
φ×id
// (J˜ ×Iso Z˜)/J˜ [n] ((JU ×U Z)/JU [n])×U Iso
In other words, X ×U Iso is obtained by quotient E ×k Z˜ by the E[n]-action. As
JU [n] acts on JU×UZ diagonally, one can check in the above commutative diagram,
the E[n]-action on E ×Iso Z˜ is just the natural diagonal E[n]-action, namely, the
restriction of the diagonal Λ0-action on E ×k Z˜ to its semi-direct component E[n].
Next, to obtain XU , one needs to quotient the Galois group Aut
gp
k
(E) action on
X ×U Iso. However, this Galois group action on the quotient space
X ×U Iso = ((JU ×U Z)/JU [n])×U Iso ≃ (E ×k Z˜)/E[n]
already lifts to the space E ×k Z˜ δ≃ (JU ×U Z) ×U Iso and we have the following
commutative diagram
E ×k Z˜
γ×γ♯

≃
φ×id
// J˜ ×Iso Z˜
γ♯×γ♯

(JU ×U Z)×U Iso
id×γ∗

E ×k Z˜ ≃
φ×id
// J˜ ×Iso Z˜ (JU ×U Z)×U Iso
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Namely this Galois action is translated into the restriction of the diagonal Λ0-
action on E ×k Z˜ to its semi-direct summand Autgpk (E) via the isomorphism δ. So
in conclusion, X is isomorphic to (E ×k Z˜)/Λ0. Finally, it is easy to check the
fibration fU is identify with p2 : (E ×k Z˜)/Λ0 → Z˜/Λ0 = U . 
It should be noted that up to now, we have only made use of the isotriviality of
f rather than the infiniteness of B(X/C).
Proposition 7.7. An isotrivial genus one fibration is pre-standard type.
Proof. By Remark 3.4, by shrinking U to a smaller open subset V if necessary, the
torsor Z˜|V reduces to torsor T ′ over V under a subgroup scheme G′ ⊆ Λ0 so that
T ′ is smooth and irreducible. Then we have by Proposition 7.6:
(E ×k T ′1)/G′
p2

(E ×k Z˜|V )/Λ0 ≃ //
p2

XV
fV

T ′1/Λ Z˜|V /Λ0 V
where all group scheme actions are diagonal. We are done. 
Remark 7.8 The above V may be strictly smaller than the smooth locus U ⊆ C.
Finally, we mention the usage of the infinite assumption of B(X/C) is the next
lemma.
Lemma 7.9. The group Etor(Z˜/U) for the Λ0-torsor Z˜ is infinite.
The proof of this lemma will be given in § 7.2.2 below. Assuming this Lemma
at the moment, we complete the proof of Theorem 7.1 as follows.
Proof of Theorem 7.1. By Lemma 7.9 and Theorem 3.3, the Λ0-torsor Z˜ reduces
to a torsor T of a subgroup scheme Λ ⊆ Λ0 over U so that
• T is irreducible, smooth over k;
• Etor(T/U) is infinite; and
• the Λ-action on T extends to the normal compactification T ⊆ C′.
Then as Z˜ reduces to T , we have the following commutative diagram after Propo-
sition 7.6, which completes the proof.
(E ×k C′)/Λ
p2

(E ×k T )/Λ
p2

? _oo (E ×k Z˜)/Λ0 ≃ //
p2

XU
fU

C = C′/Λ T/Λ? _oo Z˜/Λ0 U

7.2.2. Equivariant actions. Now we go to the proof of Lemma 7.9. For any (τ, σ) ∈
E(X/C), let us denote by
XσU : = XU ×U,σ U, JσU : = JU ×U,σ U,
PicσXU/U : = PicXU/U ×U,σ U, Isoσ : = Iso×U,σ U.
Then we have canonical identifications:
JσU = Pic
0
XσU/U
⊆ PicσXU/U = PicXσU/U and Isoσ = Iso
gp
U (Pic
0
XσU/U
, E ×k U)
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And we denote by φσ : JσU ×U Isoσ ∼→ E ×k U the universal isomorphism on Isoσ.
Now the isomorphism τ × f : X ∼→ Xσ := X ×C,σ C induces natural isomorphisms
Θ(τ, σ),Θ0(τ, σ) and Υ(τ, σ) shown in the following picture
JU = Pic
0
XU/U
Θ0(τ,σ)≃

  // PicXU/U
≃ Θ(τ,σ)

Iso = IsogpU (Pic
0
XU/U
, E ×k U)
Υ(τ,σ)≃

Pic
0
Xσ
U
/U
  // PicXσ
U
/U Iso
gp
U (Pic
0
Xσ
U
/U , E ×k U)
JσU
  // Pic
σ
XU/U
Iso
σ = Iso×U,σ U,
and the following commutative diagram:
(7.6) JU ×U Iso φ //
Θ0(τ,σ)×Υ(τ,σ)

E ×k Iso
id×Υ(τ,σ)

JσU ×U Isoσ
φσ
// E ×k Isoσ
(JU ×U Iso)×U,σ U φ×id // (E ×k Iso)×U,σ U.
We denote by
τ+ = p1 ◦Θ(τ, σ) : PicXU/U
Θ(τ,σ)→ PicXσU/U = PicXU/U ×U,σ U
p1→ PicXU/U ,
τ∗ = p1 ◦Υ(τ, σ) : Iso Υ(τ,σ)−→ Isoσ = Iso×U,σ U p1→ Iso.
Then (τ+, σ) and (τ∗, σ) are contained in E
gp(PicXU/U/U) and E(Iso/U) respec-
tively. More precisely, recall that Iso = IsogpU (JU , E ×k U) is a Autgpk (E)-torsor
over U whose Autgp
k
(E)-action is induced by the natural Autgp
k
(E)-action on the
source space E×kU . It is quite clear that τ∗ preserves this group action and hence
the pair (τ∗, σ) is contained in the subgroup E
tor(Iso/U).
Lemma 7.10. (1) The maps
E(X/C)→ Egp(PicXU/U/U) : (τ, σ) 7→ (τ+, σ)
E(X/C)→ Etor(Iso/U) : (τ, σ) 7→ (τ∗, σ)
are group homomorphisms.
(2) The map E(X/C)×PicXU/U (U)→ PicXU/U (U) given by
(τ, σ)× s = τn+ ◦ s ◦ σ−1, ∀ (τ, σ) ∈ E(X/C), s ∈ PicXU/U (U)
defines a group E(X/C) action on the set PicXU/U (U) for any n ∈ Z.
U
s //
σ

PicXU/U
τ+

// U
σ

U
τ+·s·σ
−1
//// PicXU/U
// U
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Proof. The statement (1) can be checked directly. Following (1), we have
(τ ′, σ′) · ((τ, σ) · s) = (τ ′, σ′) · (τ+ ◦ s ◦ σ−1)
= τ ′+ ◦ τ+ ◦ s ◦ σ−1 ◦ σ′−1
= (τ ′ · τ)+ ◦ s ◦ (σ′ · σ)−1
= ((τ ′, σ′) · (τ, σ)) · s,
which gives (2). 
By construction, the equivariant automorphism τ+ preserves the degree and we
thus denote by τn+ : Pic
n
XU/U → PicnXU/U the restriction of τ+ on PicnXU/U . In
particular, p1 ◦Θ0(τ, σ) : JU → JU is the same as τ0+ and
τ1+ = τ : Pic
1
XU/U = X → X = Pic1XU/U .
Now we concentrate on the section s : U → PicnXU/U ∈ PicnXU/U (U) we fixed in
§ 7.2.1 (cf. the paragraph we construct Z), we denote byNs := Stabs ⊆ E(X/C) the
stabilizer of s ∈ PicnXU/U (U) under the E(X/C)-action on PicnXU/U (U) constructed
in Lemma 7.10
Lemma 7.11. For each (τ, σ) ∈ Ns, we have τ(Z) = Z.
Proof. By the construction of τ+, we have the following commutative diagram for
(τ, σ) ∈ Ns:
XU = Pic
1
XU/U
τ1+=τ

·n // PicnXU/U
τ+

U? _
soo
σ

XU = Pic
1
XU/U
·n // PicnXU/U U
? _
soo
As a result, the divisor Z defined as the pull back of s(U) ⊆ PicnXU/U by the
multiplication by n map, is preserved by the action τ+|XU = τ . 
As τ(Z) = Z and noticing that τ+ preserves the group structure of PicXU/U , we
obtain the right commutative diagram from the left one below.
(7.7) JU ×U XU
τ0+×στ

β
// XU
τ

JU [n]×U Z
τ0+×στ

β|Z
// Z
τ

JU ×U XU β // XU JU [n]×U Z
β|Z
// Z
Next we construct for each (τ, σ) ∈ Ns an isomorphism τ˜ as below:
τ˜ := τ ×σ τ∗ : Z˜ = Z ×U Iso τ×στ∗−→ Z ×U Iso = Z˜.
Proposition 7.12. For any (τ, σ) ∈ Ns, the pair (τ˜ , σ) is contained in Etor(Z˜/U).
Proof. The pair (τ˜ , σ) is clearly contain in E(Z˜/U). It remains to that τ˜ preserves
the Λ0 = E[n]⋊k Aut
gp
k
(E)-action on Z˜ given in § 7.2.1 (cf. Lemma 7.5).
First we show that the action of second semi-direct component Autgp
k
(E) of Λ0
is preserved. In fact, as mentioned that (τ∗, σ) is contained in E
tor(Iso/U), as
automorphisms of Iso we have τ∗ ◦ γ∗ = γ∗ ◦ τ∗ for all γ ∈ Autgpk (E). In particular,
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the automorphism τ˜ = τ ×σ τ∗ : Z ×U Iso → Z ×U Iso is commutative with the
automorphism γ♯ = id× γ∗ : Z ×U Iso→ Z ×U Iso. We are done.
Next, we check the commutativity of τ˜ with the E[n]-action. Let us similarly
define τ˜+ := τ+ ×σ τ∗ : J˜ = JU ×U Iso τ+×στ
∗
−→ JU×U = J˜ .
Then the following commutative diagram
(7.8) J˜
τ˜+

φ
// E ×k Iso
id×τ∗

J˜
φ
// E ×k Iso
follows immediately from the next commutative diagram equivalent to (7.6):
(7.9)
JU ×U Iso φ //
τ˜+×α
((
Θ0(τ,σ)×Υ(τ,σ)

E ×k Iso
id×Υ(τ,σ)

(id×τ∗)×α
′
vv
JσU ×U Isoσ
φσ
// E ×k Isoσ
(JU ×U Iso)×U,σ U φ×id // (E ×k Iso)×U,σ U
.
Here α : JU×U Iso→ U and α′ : E×k Iso→ U are the structure maps. Combining
(7.7) with (7.8), we have the following large commutative diagram:
J˜ [n]×Iso Z˜
τ˜+×τ∗ τ˜

φ×id
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
(JU [n]×U Z)×U Iso
(τ+×στ)×στ∗

// Z˜
τ×στ∗=τ˜

✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍
E[n]×k Z˜
id×τ˜

β˜
// Z˜
τ˜

J˜ [n]×Iso Z˜
φ×id
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦⑦
(JU [n]×U Z)×U Iso // Z˜
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍
E[n]×k Z˜
β˜
// Z˜
The square box with red vertices says that τ˜ is commutative with the E[n]-action.
We are done. 
This proposition gives an immediate corollary.
Corollary 7.13. The subgroup
Im(f♯|Ns : Ns → B(X/C), (τ, σ) 7→ σ) ⊆ Autk(U)
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is contained in Btor(Z˜/U).
The next proposition finishes the proof of Lemma 7.9.
Proposition 7.14. The kernel and cokernel of the homomorphism
f♯|Ns : Ns → B(X/C), (τ, σ)→ σ
are both finite. In particular, Btor(Z˜/U) is infinite.
Proof. First from the exact sequence (1.1):
1→ AutC(X)→ E(X/C) f♯→ B(X/C)→ 1.
we need only to prove that:
(a) the intersection of Ns with AutC(X) is finite;
(b) the subgroup G :=< Ns,AutC(X) > has a finite index in E(X/C).
Note that the subset E(X/C) · s ⊆ PicnXU/U (U) is canonically identified with the
set E(X/C)/Ns of left Ns-cosets. Then the set of AutC(X)-orbits in E(X/C) · s
is canonically identified with the set AutC(X)\E(X/C)/NS of double cosets. As
AutC(X) is normal, AutC(X)\E(X/C)/NS is the same as E(X/C)/G. So (b) is
implied by
(b1) there is only finitely many AutC(X)-orbits in Pic
n
XU/U (U).
On the other hand, we have another exact sequence (4.2)):
1→ JU (U)→ AutC(X) ν→ AutgpK (Jη)
As the group AutgpK (Jη) is finite, it suffices to prove that
(a’) the intersection of Ns with JU (U) is finite;
(b’) there are only finitely many JU (U)-orbits in Pic
n
XU/U (U).
Let us then prove the two assertions. Note, as a subgroup of E(XU/U), the sub-
group JU (U)-action on Pic
n
XU/U (U) (by Lemma 7.10(3)) is different from the nat-
ural one we mentioned many times given by the multiplication in relative Picard
scheme. By construction, the difference of the two actions are just by multiplication
by n as shown in the following commutative diagram:
JU (U)×PicnXU/U (U)
n×id

ε′:=action as subgroup of E(X/C)
// PicnXU/U (U)
JU (U)×PicnXU/U (U) Pic0XU/U (U)×PicnXU/U (U)
ε // PicnXU/U (U)
Here the action ε is the action in relative Picard scheme and with this action. As
mentioned before, with the action ε, PicnXU/U (U) is a trivial torsor under JU (U).
So with the ε′ action of JU (U) on Pic
n
XU/U (U) we have
• the JU (U)-action factors through the quotient group JU (U)/JU (U)[n];
• the quotient group JU (U)/JU (U)[n] acts freely on PicnXU/U (U); and
• the set of JU (U)-orbits is (non-canonically) identified with the quotient
space JU (U)/n · JU (U).
The statement (a’) follows as the group Ns ∩ JU (U) is the group JU (U)[n], which
is finite.
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The statement (b’) is as follows. Let K := K(C), η := Spec(K) be the generic
point of C, and E1 be the K/k-trace of Jη. No matter E1 is trivial or an elliptic
curve, the map E1(k)
·n→ E1(k) is always surjective, so the group JU (U)/n·JU (U) is
a quotient group of JU (U)/E1(k) = Jη(K)/E1(k). The latter group Jη(K)/E1(k)
is finite due to the celebrated theorem of Lang-Ne´ron (cf. [11, Thm. 7.1]). 
7.3. Classification of genus one fibration with infinite B-automorphism.
Now we give a complete classification of relatively minimal genus one fibration
f : X → C with infinite B(X/C).
According to Theorem 7.1, we need to classify the set of the following data:
(a) a finite subgroup scheme Λ ⊆ Autk(E) for an elliptic curve E over k
(b) a Λ-torsor ν : T → U with infinite Etor(T/U) for a smooth irreducible curve U
so that T is irreducible and smooth over k.
We have already classified in Proposition 3.14, the second data (b) and it turns
out that Λ is Abelian (cf. Remark 3.15). Up to isomorphism, an Abelian subgroup
scheme Λ ⊆ Autk(E) is elementary (cf. Definition 8.4 and Lemma 8.5). Namely,
we can write Λ = Λt ×k Γ for a subgroup schemes Λt ⊆ E and Γ ⊆ Autgpk (E) so
that Λt is fixed by Γ. So we really aims to classify the following data
• an elliptic curve E over k with an Abelian subgroup Γ ⊆ Autgp
k
(E) and a
finite subgroup scheme Λt ⊆ EΓ;
• a Λ := Λt ×k Γ-torsor T over U with infinite Btor(T/U) so that T is irre-
ducible and smooth over k.
With the classification of (E,Γ, EΓ) given in § 8, we shall now work out the complete
classifications. Recall there are four possibilities for U : an elliptic curve, P1
k
,A1
k
and (A1
k
)∗.
7.3.1. U = C is an elliptic curve. When U = C is an elliptic curve, the torsor
T = C′ is another elliptic curve, the natural map ν : C′ → C is a homomorphism
and hence Λ ⊆ Autk(E) is at the same time canonically identified with the kernel
of C′ → C. In other words, we need to give a complete list of pairs (E,Λ =
Λt×kΓ ⊆ Autk(E), C′) along with an embedding of group schemes Λ→ C′. With
these data, the fibration is
f = p2 : X = (E ×k C′)/Λ→ C := C′/Λ.
According to whether Γ is trivial or not, we have two possibilities as below by the
Enriques-Kodaira classification (cf. [1, § 10]).
(Γ = {id}) X is an Abelian surface (case 4 of the list in [1, § 10]). In this case f : X →
C is a surjective homomorphism with smooth connected kernel.
(Γ 6= {id}) X is a hyperelliptic (also known as bielliptic in some literatures) surface
(case 5 of the list in [1, § 10]). In this case, f is the Albanese map and
the numerical invariants of X are either pg(X) = 0, q(X) = 1, b1(X) = 2
or pg(X) = 1, q(X) = 2, b1(X) = 2,∆ = 2. The second case with ∆ > 0
is less common and we call such X special. A special surface X has trivial
canonical class but it is neither an Abelian surface nor a K3 surface.
For the hyperelliptic surface case, when char.(k) 6= 2, 3, there already exists a
complete classification known as the Bagnera-de Franchis list (cf. [1, pp 160, § 10]).
Moreover, the equivariant automorphism E(X/C), which is the same as Autk(X)
at this time has also been worked out in [4]. Then with the preparations given in
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Proposition 8.7, we can complete the Bagnera-de Franchis’s list with characteristic
2, 3 taking into consideration as follows.
The Bagnera-de Franchis’s list containing p = 2, 3
(a1) Γ = {±id},Λt = e and Λ is embedded to C′ by a nonzero x ∈ C′[2](k). In
characteristic 2, this implies C′ is ordinary and the surface X is special;
(a2) p 6= 2,Γ = {±id},Λt = Z/2Z ⊆ E[2](k) and Λ is embedded to C′ by an
isomorphism Λ ≃ (Z/2Z)2 ≃ C′[2](k);
(a′2) p = 2, j(E) 6= 0,Γ = {±id},Λt = Ker(FE/k : E → E(p)) ≃ µ2 and Λ is
embedded to C′ by the unique isomorphism Λ ≃ µ2 ×k (Z/2Z) ≃ C′[2].
This surface X is special;
(b1) j(E) = 0, |Γ| = 3,Λt = e and Λ is embedded to C′ by a nonzero x ∈
C′[3](k). In characteristic 3, this implies C′ is ordinary and the result X is
special;
(b2) p 6= 3, j(E) = 0, |Γ| = 3,Λt = Z/3Z ⊆ E[3](k) and Λ is embedded to C′ by
an isomorphism Λ ≃ (Z/3Z)2 ≃ C′[3](k).
(c1) j(E) = 1728, |Γ| = 4,Λt = e and Λ is embedded to C′ by a nonzero
x ∈ C′[4](k). In characteristic 2, this implies C′ is ordinary and the result
X is special;
(c2) p 6= 2, j(E) = 1728, |Γ| = 4,Λt = Z/2Z ⊆ E[2](k) is the unique subgroup
fixed by Γ and Λ is embedded to C′ by an embedding Λ ≃ Z/2Z×Z/4Z ⊆
Z/4Z× Z/4Z ≃ C′[4](k);
(d) j(E) = 0, |Γ| = 6,Λt = e and and Λ is embedded to C′ by a nonzero
x ∈ C′[6](k). In characteristic 2, 3, this implies C′ is ordinary.
Remark 7.15 (1). In characteristic p > 0, an ordinary elliptic curve does not
contain αp as a subgroup scheme. In particular, when p = 3, j(E) = 0, |Γ| = 3 the
subgroup scheme EΓ × Γ ≃ αp × Γ can not embed to any elliptic curve C′. The
case p = 2, j(E) = 1728, |Γ| = 4 is similar.
(2). The result surface X is special if and only Γ fixes the the space H0(E,Ω1E/k)
of 1-forms. This happens if and only if |Γ| is a power of p (cf. Remark 8.3).
(3). The Γ is always cyclic.
7.3.2. U = C = P1
k
. According to Proposition 3.14, this time the fibration f is
f = p2 : X = E ×k P1k → P1k
for an elliptic curve E.
7.3.3. U = A1
k
. In this case Λ = Λt × Γ ⊆ E ⋊k Autk(E) is a subgroup of Ga
by Proposition 3.14. Note that finite subgroup scheme of Ga has the formation
αpn × V for a Fp-linear subspace V ⊆ k. In particular, Γ is a cyclic group of order
p or trivial. According to Proposition 8.7, we have the following classifications.
(1) When Γ = e. Either E is ordinary, Λt = E[p](k) or E is supersingular,
Λt = Ker(FE/k : E → E(p)) ≃ αp. Note that when E is supersingular, E[p]
is not isomorphic to αp2 and can never embeds to Ga.
(2) When Λt = 0. Then Γ is a cyclic group of order p. There are following
classification:
• either p = 3, E : y2 = x3 − x (j(E) = 0),Γ =< γ > with γ : (x, y) 7→
(x+ 1, y).
• or p = 2, E : y2 + y = x3 (j(E) = 0),Γ =< γ > with γ : (x, y) 7→
(x, y + 1).
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(3) Neither Λt nor Γ is trivial. There are following classification:
• either p = 3, E : y2 = x3 − x,Γ =< γ > with γ : (x, y) 7→ (x + 1, y)
and Λt = Ker(FE/k : E → E(p)) ≃ αp.
• or p = 2, E : y2 + y = x3,Γ =< γ > with γ : (x, y) 7→ (x, y + 1) and
Λt = Ker(FE/k : E → E(p)) ≃ αp.
7.3.4. U = (A1
k
)∗. In this case Λ = Λt × Γ ⊆ E ⋊k Autk(E) is a subgroup of Gm
by Proposition 3.14. Note that finite subgroup scheme of Gm has the formation
µpn ×Z/mZ for some n,m with (m, p) = 1. According to Proposition 8.7, we have
the following classifications.
(1) When Γ = e, then either Λt ⊆ E(k) is a cyclic group of order n with (n, p) =
1, or E is not supersingular, Λt is the production of a cyclic subgroup of
E(k) of order n with (n, p) = 1 and Ker(F kE/k : E → E(p
k)) ≃ µpk ;
(2) When Λt = 0, then Γ can be any Abelian subgroup Aut
gp
k
(E) of order
prime to p. These are the following:
• p 6= 2, Γ = {±id};
• p 6= 3, E : y2 − y = x3 − 1 (j(E) = 0),Γ =< γ > with γ : (x, y) 7→
(ζ3x, y);
• p 6= 2, E : y2 = x3 − x (j(E) = 1728),Γ =< γ > with γ : (x, y) 7→
(−x, ζ4y);
• p 6= 2, 3, E : y2 = x3 − 1 (j(E) = 0),Γ =< γ > with γ : (x, y) 7→
(ζ3x,−y).
Here ζn is a primitive unit root of order n.
(3) If neither Γ nor Λt are trivial, then Λt must contain an additive subgroup
scheme or a subgroup scheme of the same order with Γ by Proposition 8.7.
Thus Λ can not embed to Gm.
7.3.5. The classification theorem. In summary, we have the following theorem.
Theorem 7.16. There are exactly four kinds of relatively minimal genus one fi-
bration f : X → C with infinite B(X/C) as follows:
(A-i) The surface X is an Abelian surface, C is an elliptic curve and f : X → C is
a surjective homomorphism with smooth connected kernel.
(A-ii) The surface X is a hyperelliptic surface given in the Bagnera-DeFranchis list
containing p = 2, 3 (cf. § 7.3.1).
(B) The fibration f is
f = p2 : X =: E ×k P1k → P1k
for an elliptic curve E over k.
(C-i) The characteristic of k is p > 0, there is an elliptic curve E over k, a non-
trivial subgroup scheme Λ ⊆ E along with an embedding Λ ⊆ Ga, so Λ acts
on P1
k
additively. The fibration f is as below:
f = p2 : X := (E ×k P1k)/Λ→ C = P1k/Λ.
Here Γ acts on E ×k P1k diagonally. The complete classification of (E,Λ) is
as follows:
• for ordinary E over k, we take Λ = E[p](k);
• for supersingular E, we take Ker(FE/k : E → E(p)) ≃ αp.
In these two cases, f has a singular fibres at ∞ ⊆ P1
k
of type pI0.
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(C-ii) In the following two pairs (E,Γ ⊆ Autgp
k
(E)) of elliptic curve with order
p = char.(k) cyclic automorphism group:
• p = 3, E : y2 = x3 − x , Γ =< γ >, γ : (x, y) 7→ (x+ 1, y),
• p = 2, E : y2 + y = x3, Γ =< γ >, γ : (x, y) 7→ (x, y + 1),
we take Λt = 0 or Ker(FE/k : E → E(p)) ≃ αp and Λ = Λt ×k Γ. Fixing an
embedding Λ →֒ Ga (up to automorphism of Ga such an embedding is unique),
then Λ acts on P1
k
additively (cf. Example 2.9). The fibration f is as below:
X
ϑ
minimal resolution of singularities
//
f

(E ×k P1k)/Λ
p2

C P1
k
/Λ
Here Λ acts on E ×k P1k diagonally.
In this case, there is a unique singular fibre of both f and its Jacobian
fibration µ : J → C at ∞. When Λt = 0, f is the same as its Jacobian and
the singular fibre is of type II∗. If Λt 6= 0, the the singular fibre of f is type
pII∗ (note in characteristic zero, the only multiple fibre is type nIk).
(D-i) There is an elliptic curve E, a subgroup scheme Λ ⊆ E along with an em-
bedding Λ ⊆ Gm, so Λ acts on P1k multiplicatively. The fibration f is as
below:
f = p2 : X := (E ×k P1k)/Λ→ C = P1k/Λ.
Here Γ acts on E ×k P1k diagonally. The complete classification of (E,Λ) is
as follows:
• for any E, we can take Λ ⊆ E(k) to be a non-trivial cyclic subgroup of
order prime to char.(k);
• when E is supersingular, we can take Λ to be either Ker(FEk/k : E →
E(p
k)) ≃ µp or its production with a non-trivial cyclic subgroup of E(k)
of order prime to char.(k).
In these two cases, f has two singular fibres at 0,∞ ⊆ P1
k
of type nI0 with
n = dimkOΛ.
(D-ii) There is an elliptic curve E, a non-trivial cyclic group Γ ⊆ Autgp
k
(E) of order
n prime to char.(k). Fixing an arbitrary isomorphism Γ ≃ µn(k), then Γ also
acts on P1
k
multiplicatively. The fibration f is as below:
X
ϑ
minimal resolution of singularities
//
f

(F ×k P1k)/Γ
p2

C P1
k
/Γ
Here Γ acts on E ×k P1k diagonally. The complete classification of (E,Γ) is
as follows:
• p 6= 2, Γ = {±1}. The singular fibres at 0,∞ are of type I∗0 ;
• p 6= 3, E : y2 − y = x3 − 1 (j(E) = 0),Γ =< γ > with γ : (x, y) 7→
(ζ3x, y). The singular fibres at 0,∞ are of type IV and IV ∗ (or vice
versa) respectively;
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• p 6= 2, E : y2 = x3 − x (j(E) = 1728),Γ =< γ > with γ : (x, y) 7→
(−x, ζ4y). The singular fibres at 0,∞ are of type III and III∗ (or vice
versa) respectively.
7.4. On surface with κ(S) = 1. Let S be a minimal surface over k of Kodaira
dimension one. Then it is well known that the Iitaka fibration of S is a fibration
f : S → C whose general fibre (not necessarily smooth) has arithmetic genus one.
When p = 2, 3 this fibration can be quasi-elliptic and otherwise it is a genus one
fibration in the sense of this paper (with smooth general fibre). As this fibration
is canonical, it is Autk(S)-equivariant and thus E(S/C) = Autk(C). A direct
consequence of Corollary 7.2 gives that
Proposition 7.17. If f is a genus one fibration in the sense of this paper, then
B(S/C) is finite. Namely, the image of Aut(S)→ Aut(C) is finite.
Corollary 7.18. If f is a genus one fibration in the sense of this paper, the Autk(S)
has Jordan property. Namely, there is a uniform bound N(S) ∈ N+ such that any
finite subgroup of Autk(S) contains an Abelian subgroup of index at most N(S).
Proof. It suffices to prove that Autk(S) contains an Abelian subgroup of finite
index. As B(S/C) is finite, Autk(S) contains an Abelian subgroup J(C) of finite
index by (1.1) and (4.2). Here µ : J → C is the Jacobian fibration. We are
done. 
In characteristic zero, Proposition 7.17 is proven by Prokhorov and Shramov
(cf. [22, Lem. 3.3]) based on the canonical bundle formula of Kodaira. The key
ingredient is to rule out the possibility where the base C = P1
k
, f is isotrivial with
at most two multiple fibres. Their argument actually implies the following result.
Proposition 7.19. Let k be an algebraically closed field of characteristic zero,
f : X → P1
k
be a relatively minimal isotrivial genus one fibration with at most two
singular fibres, then κ(X) < 1.
In positive characteristics, Proposition 7.19 fails (cf. Example 5.7). In other
words, it is unlikely that one can prove Proposition 7.17 with canonical bundle
formula alone. A thorough study of the structure of f : X → C with infinite
B(X/C) as this paper looks necessary.
8. Appendix: Abelian automorphism of elliptic curves
We shall give a complete classification of pairs (E,Λ), where E is an elliptic
curve over k and Λ ⊆ Autk(E) is an Abelian subgroup scheme.
8.1. Abelian group-autormorphism of elliptic curves.
8.1.1. Structure of Abelian group-automorphism group of elliptic curves. Recall
Theorem 8.1 ([25, § A, Prop. 1.2]). Let E be an elliptic curve over an algebraically
closed field k of characteristic p, then
|Autgp
k
(E)| =


2, j(E) 6= 0, 1728
4, j(E) = 1728, p 6= 2, 3
6, j(E) = 0, p 6= 2, 3
12, j(E) = 0, p = 3
24, j(E) = 0, p = 2.
Moreover, the group structure of Autgp
k
(E) is also clear:
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• when |Autgp
k
(E)| ≤ 6, it is cyclic; and
• when j(E) = 0, p = 2, 3 the structure of Autgp
k
(E) is described in [25, § A,
Exer. A.1.].
An easy group theoretic calculation based on the explicit structure of Autgp
k
(E)
given in [25, § A, Exer. A.1.], we have the following.
Proposition 8.2. Any Abelian subgroup of Autgp
k
(E) is a cyclic group. Two
Abelian subgroups of Autgp
k
(E) of the same order are conjugate to each other.
In other words, up to automorphism of E, Abelian subgroups of Autgp
k
(E) are
uniquely determined by their orders.
E
≃ σ

Λ
  //

Autk(E)
σ∗=conjugate by σ

E σΛσ−1 

// Autk(E)
8.1.2. List of maximal Abelian group-automorphism subgroups of elliptic curves.
The following is the complete list of pair (E,Γ) where E is an elliptic curve with
j(E) = 0 or 1728 and Γ =< γ > (or < γ′ >) ⊆ Autgp
k
(E) is a maximal Abelian
automorphism subgroup.
(j(E) = 1728, p 6= 2, 3) E : y2 = x3 − x, γ : (x, y) 7→ (−x, ζ4y), |Γ| = 4;
(j(E) = 0, p 6= 2, 3) E : y2 = x3 − 1, γ : (x, y) 7→ (ζ3x,−y), |Γ| = 6;
(j(E) = 0, p = 3) E : y2 = x3 − x, γ : (x, y) 7→ (−x, ζ4y), |Γ| = 4;
γ′ : (x, y) 7→ (x+ 1,−y), |Γ′| = 6;
(j(E) = 0, p = 2) E : y2 + y = x3, γ′ : (x, y) 7→ (ζ3x, y + 1), |Γ| = 6;
γ : (x, y) 7→ (x+ 1, y + x+ ζ3), |Γ| = 4.
Here ζn is a primitive unit root of order n.
Remark 8.3 In this list, one can check that γ or γ′ fixes H0(E,Ω1E/k) if and only
if ord(γ) or ord(γ′) is a power of p.
8.2. Structure of Abelian automorphism group scheme of elliptic curves.
For an elliptic curve E over k, we have the semi-direct decomposition
Autk(E) = E ⋊Aut
gp
k
(E).
Therefore if given a finite subgroup scheme Λt ⊆ E and a finite group Γ ⊆ Autgpk (E)
so that Λt is preserved by the Γ-action, then
Λ := Λt ⋊ Γ ⊆ E ⋊Autgpk (E)
is a finite subgroup scheme of Autk(E).
Definition 8.4. A subgroup scheme of the above formation Λ = Λt ⋊ Γ is called
an elementary subgroup scheme of Autk(E).
Clearly, not all subgroup schemes are elementary.
Lemma 8.5. Up to translation isomorphism of E, any finite Abelian subgroup
scheme of Autk(E) is elementary. That is, let Λ ⊆ Autk(E) be a finite Abelian
subgroup scheme. Then there is a suitable a ∈ E(k) so that the conjugate group
scheme ΛTa := Ta · Λ · T−a is elementary.
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In other words, up to the isomorphism Ta : E → E, we can assume
Λ = Λt ⋊ Γ ⊆ E ⋊Autgpk (E) = Autk(E)
for a finite subgroup scheme Λt ⊆ E and a finite group Γ ⊆ Autgpk (E) so that Λt is
fixed (rather than preserved since Λ is Abelian) by the Γ-action.
Proof. A subgroup scheme H ⊆ Autk(E) is elementary if the quotient homomor-
phism
π|H(k) : H(k)→ Autgpk (E)
admits a section over its image subgroup π(H(k)). For our Λ, the image π(Λ(k)) is
Abelian and hence cyclic by Proposition 8.2. If the image group π(Λ(k)) is trivial,
then we are done automatically. Then we let φ : E → E ∈ Λ(k) be an element so
that φ := π(φ) 6= id is a generator of π(Λ(k)). So we can write φ = Tx ◦ φ for a
suitable x ∈ E(k). Now as φ 6= id, the map
E(k)→ E(k) : y 7→ φ(y)− y
is surjective. In particular, there is a ∈ E(k) so that φ(a)− a = x. Namely,
Ta ◦ φ ◦ T−a(y) = φ(y − a) + a = φ(y)− φ(a) + a+ x = φ(y).
In other words, φ is contained in ΛTa . We are done as φ generates π(Λ(k)). 
Remark 8.6 This proof is a copy and slight modification of that in [1, pp. 159,
§ 10] where p 6= 2, 3. The key is that π(Λ(k)) is cyclic.
8.3. Classification. By Lemma 8.5, up to translations, Abelian subgroup schemes
of an elliptic are elementary. It now suffices to classify elementary Abelian subgroup
scheme. Namely the triple pair (E,Λt ⊆ E,Γ ⊆ Autgpk (E)) so that Λt is fixed by
Γ. To obtain such a classification, we only have to classify the pair (E,Γ) and at
the same time work out the subgroup scheme EΓ fixed by Γ.
From the list given in § 8.1.2, we have the following proposition by a simple
calculation.
Proposition 8.7. We have the following classification (E,Γ, EΓ) (recall by Propo-
sition 8.2, Γ is uniquely determined by |Γ| upto automorphism of E):
• if j(E) 6= 0, 1728, then Γ is either trivial or Γ = ±id. In the latter case,
EΓ = E[2] ≃
{
(Z/2Z)2, p 6= 2;
µ2 ×k Z/2Z, p = 2.
• if j(E) = 1728, p 6= 2, 3, then Γ is a cyclic group of order 1, 2 or 4. In this
case
EΓ =
{
E[2] ≃ (Z/2Z)2, |Γ| = 2;
Z/2Z, |Γ| = 4.
• if j(E) = 0, p 6= 2, 3, then Γ is a cyclic group of order 1, 2, 3 or 6. In this
case
EΓ =


E[2] ≃ (Z/2Z)2, |Γ| = 2;
Z/3Z |Γ| = 3;
e |Γ| = 6;
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• if j(E) = 0, p = 3, then Γ is a cyclic group of order 1, 2, 3, 4 or 6; In this
case
EΓ =


E[2] ≃ (Z/2Z)2, |Γ| = 2;
Ker(FE/k : E → E(p)) ≃ α3 |Γ| = 3.
Z/2Z, |Γ| = 4;
e, |Γ| = 6.
• if j(E) = 0, p = 2, then Γ is a cyclic group of order 1, 2, 3, 4 or 6. In this
case
EΓ =


E[2](infinitesimal), |Γ| = 2;
Z/3Z |Γ| = 3;
Ker(FE/k : E → E(p)) ≃ α2 |Γ| = 4;
e |Γ| = 6.
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